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ASTRODYNAMICS, GUIDANCE AND CONTROL 
REVIEW #1 
Astrodynamics & Guidance Theory Divis ion 
Ae ro- A s  t rodynami cs Laboratory 
SUMMARY 
This volume i s  a c o l l e c t i o n  of  papers designed as a 
summarial review of t h e  a c t i v i t i e s  of t h e  Astrodynamics and 
Guidance Theory Div is ion  of  t h e  Aero-Astrodynamics Laboratory.  
These papers p re sen t  a c ros s  s e c t i o n  of t h e  s t u d i e s  being 
conducted by, and under t h e  supe rv i s ion  o f ,  t h e  t h r e e  branches 
and one o f f i c e  wi th in  t h e  d i v i s i o n .  I n  add i t ion ,  suggested 
areas f o r  f u t u r e  r e sea rch  a r e  presented  i n  t h e  context  of 
t h e s e  papers .  
INTRODUCTION 
The fo l lowing  m a t e r i a l  i s  in tended  t o  present  a summary 
of t h e  e f f o r t s  now being expended i n  and under t h e  supe rv i s ion  
of t he  Astrodynamics and Guidance Theory Div is ion  of the Aero- 
Astrodynamics Laboratory.  Although no designed t o  be an a l l -  
i n c l u s i v e  review of the d i v i s i o n ' s  a c t i v i t i e s ,  t hese  papers 
do r e p r e s e n t  a c ros s - sec t ion  of t h e  s t u d i e s  being conducted 
by t h e  three branches and one o f f i c e  t ha t  compose the  sub-  
s t r u c t u r e  of t he  organiza t ion .  
A s  the  papers  h e r e i n  a re  reviewed by t h e  reader ,  the  
i n t e r r e l a t e d n e s s  of the d u t i e s  and a c t i v i t e s  performed wi th in  
the d i v i s i o n  becomes apparent .  While each branch and o f f i c e  
has a s e p a r a t e  a r e a  of  impacb, each i s  a l s o  of n e c e s s i t y  aware 
of and , to  some degree,  dependent upon the work conducted by 
o t h e r  groups i n  the d i v i s i o n .  T h i s  c lose  a s s o c i a t i o n  of 
people  and purpose i s  of p a r t i c u l a r  b e n e f i t  when the  d i v i s i o n  
i s  c a l l e d  on t o  p a r t i c i p a t e  i n  mission-oriented s t u d i e s .  It 
should be noted, however, tha t  a l though o f t e n  engaged i n  such 
miss ion-or ien ted  a c t i v i t i e s ,  t h e  d i v i s i o n  t o  a g r e a t  e x t e n t  
remains a r e sea rch  d i r e c t e d  o rgan iza t ion .  
Leading the r e s e a r c h  e f f o r t s  of t h e  d i v i s i o n  i s  the 
S c i e n t i f i c  Advisory Off ice  whose pure s c i e n t i f i c  r e s e a r c h  
has a s i g n i f i c a n t  e f f e c t ,  no t  only on the work of the rest 
of the d iv i s ion ,bu t  on t h e  a c t i v i t i e s  of  t he  whole s c i e n t i f i c  
community a s  well. 
s p e c i f i c  r e sea rch  area i s  presented  by Mr. C. C. Dearman, Jr. 
i n  h i s  paper on s t a b i l i t y  theory .  I n  a d d i t i o n ,  Mr. Dearman 
reviews past and p resen t  s tudy  c o n t r a c t s  i n  t h e  area. 
Dr. R. W .  Gunderson, on the o t h e r  hand, dwells  more h e a v i l y  
on t h e  r e s u l t s  being obtained and s t u d i e s  being conducted 
in-house as t h e  S c i e n t i f i c  Advisory Off ice  pursues s o l u t i o n s  
t o  r e sea rch  problems i n  s t a b i l i t y  and c o n t r o l  theory .  Other 
areas under s t u d y  by t h i s  office but  no t  included i n  t h i s  
review include D r .  R. K. J. F e s t a ' s  work i n  s tudying  the 
p e r t u r b a t i o n s  o f  a r t i f i c i a l  s a t e l l i t e s  of  t h e  p l ane t  Mars 
and t h e  r e c e n t l y  i n i t i a t e d  a c t i v i t i e s  i n  t h e  s tudy  of 
s t o c h a s t i c  processes .  
I n  the f i e l d  of astrodynamics,  computer programs designed 
t o  c h a r t  t h e  pa th  of a s p a c e c r a f t  a r e  ind ispensable  t o o l s  when 
conducting parametr ic  s t u d i e s  and f l i g h t  ana lyses .  It i s  
small wonder t h e r e f o r e  t ha t  g r e a t  e f f o r t  i s  expended by the 
Astrodynamics Branch i n  w r i t i n g ,  p e r f e c t i n g ,  and u t i l i z i n g  such 
programs. Bas i ca l ly ,  there are two types  of  t r a j e c t o r y  compu- 
t a t i o n :  the conic  approximation used e x t e n s i v e l y  f o r  gene ra l  
survey s t u d i e s  and the i n t e g r a t i n g  method used when more pre- 
c i s e  resul ts  a r e  d e s i r e d .  A thorough and d e t a i l e d  a n a l y s i s  of 
the l a t t e r  is  presented  by M r .  J. R. Duncan, Jr. Research i n  
t h e  Astrodynamics Branch i s  by no means l i m i t e d  t o  deck des ign  
and parametr ic  s t u d i e s .  Extensive work i s  a l s o  being c a r r i e d  
out  i n  solar r a d i a t i o n  e f f e c t s ,  time l i n e  s t u d i e s ,  o r b i t  
t r a n s f e r s ,  and numerical  i n t e g r a t i o n  method s t u d i e s .  
An e x c e l l e n t  background s tudy  i n  one 
A Guidance Theory Branch a c t i v i t i e s  review i s  presented  
by M r .  W .  E. Causey i n  a paper tha t  p l aces  s p e c i a l  emphasis 
on t h e  enumeration and exp lana t ion  of the c h a r a c t e r i s t i c s  
i n h e r e n t  i n  a good guidance scheme. I n  a d d i t i o n ,  Mr. Causey 
s e t s  f o r t h  a course of  f u t u r e  s tudy  i n  the a r e a s  of i n j e c t i o n ,  
midcourse and t e rmina l  guidance. That t h e  ope ra t ion  of a 
guidance system incorpora t e s  var ious  d i v i s i o n s  of e f f o r t  i s  
d iscussed  i n  de ta i l  by M r .  H.  L. Ingram. Mr. Ingram's  paper 
a l s o  po in t s  out sme  r e c e n t  r e s e a r c h  achievements i n  the 
f i e l d .  Another r e c e n t  development i s  a procedure c a l l e d  
QUOTA which is  d iscussed  by M r .  R. R. Burrows. QUOTA, which 
can be used a s  an on-board guidance system, has mult i -mission 
c a p a b i l i t y  and holds  g r e a t  promise i n  guidance a p p l i c a t i o n s .  
Not represented  i n  t h i s  review, b u t  of a c t i v e  i n t e r e s t  t o  t he  
Guidance Theory Branch, a r e  such a r e a s  as launch p r o b a b i l i t y  
s t u d i e s  and launch window expansions.  
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The paper by M r .  R.  E. Burns not  on ly  provides  i n s i g h t  
i n t o  the  work which has been and is being  c a r r i e d  on i n  the  
a n a l y t i c  s o l u t i o n  of optimal guidance problems, bu t  i t  a l s o  
s e r v e s  t o  show t h e  a s s o c i a t i o n  o f  t h e  a c t i v i t i e s  of t h e  
Guidance Theory and Optimization Theory Branches. The l a t t e r  
o rgan iza t ion  conducts r e sea rch  i n  a wide range of d i s c i p l i n e s  
inc lud ing  opt imiza t ion ,  func t iona l  a n a l y s i s ,  s t a b i l i t y  and 
c o n t r o l .  
and the work being conducted i n  t h i s  area by the Optimization 
Theory Branch is provided by M r .  J .  R.  Redus. Mr. Redus a l s o  
p o i n t s  ou t  areas of r e sea rch  f o r  f u t u r e  concent ra t ion .  
more de t a i l ed  a n a l y s i s  of load r e l i e f  c o n t r o l  is  presented  
by Mr. J. M .  Livingston as an example o f  a s p e c i f i c  app l i ca -  
t i o n  of c o n t r o l  systems research.  
A gene ra l  review of con t ro l  system des ign  e f f o r t s  
A 
Although t h i s  summarial group o f  r e p o r t s  i s  intended t o  
be p r i m a r i l y  a review of past  achievements and p resen t  a c t i v -  
i t i e s  of the  Astrodynamics and Guidance Theory Divis ion,  many 
areas f o r  f u t u r e  r e sea rch  are a l s o  d iscussed  - areas which 
are being and w i l l  be explored i n  d e t a i l  as present  t h e o r i e s  
are extended and new techniques devised  t o  meet t h e  cha l lenges  
s e t  f o r t h .  
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TNTRODUC T I  ON 
The motivat ion 
FOR RESEARCH I N  STABILITY THEORY 
C .  C.  Dearman, Jr. 
f o r  research  i n  s t a b i l i t y  theory by t h e  
Astrodynamics and Guidance Theory Div is ion  of t h e  Aero- 
Astrodynamics Laboratory was i n i t i a l l y  generated by a long- 
f e l t  d e s i r e  f o r  an a n a l y t i c a l  method t o  determine the  
c a p a b i l i t y  of a proposed space v e h i c l e  guidance system t o  
guide t h e  veh ic l e  t o  a des i r ed  te rmina l  s ta te  from a given 
i n i t i a l  s tate even when t h e  veh ic l e  was sub jec t ed  t o  per- 
t u r b a t i v e  f o r c e s  of extreme s e v e r i t y .  
DISCUSSION 
The non-ana ly t ica l  o r  "cu t  and t r y ' '  method t h a t  was and 
i s  a t  p re sen t  u n i v e r s a l l y  i n  u s e  requi res  programming of t he  
equat ions  of motion ( inc luding  t h e  guidance equat ions)  on a 
computer, adding t h e  s e l e c t e d  p e r t u r b a t i v e  fo rces  and comput- 
i n g  the t r a j e c t o r y  from some i n i t i a l  t i m e  a t  which the  veh ic l e ,  
considered as a dynamical system, is  s a i d ' t o  be i n  an i n i t i a l  
s ta te .  I f  the  guidance system permits  the  s y s t e m  t o  a t t a i n  
the  desired t e rmina l  s ta te  (or an acceptab le  approximation 
t h e r e o f )  wi th in  an acceptable  t i m e  i n t e r v a l  d e s p i t e  the i n f l u -  
ence of t he  p e r t u r b a t i v e  forces  assu-med t o  be present ,  then  
ano the r  se t  of  pe r tu rba t ive  fo rces  i s  introduced and the  
computation process  i s  repeated I f  t h i s  procedure shows t h a t  
t h e  proposed guidance system i s  not  capable of guiding t h e  
v e h i c l e  t o  the des i red  terminal  s t a t e  under t he  p e r t u r b a t i v e  
f o r c e s  assumed t o  be present ,  then  a basis f o r  redesign or 
modif ica t ion  of t he  guidance system would be ind ica t ed .  If, 
on the  o t h e r  hand, t h e  method i n d i c a t e s  that the  guidance 
system i s  indeed capable of guiding t h e  veh ic l e  t o  an accept -  
able neighborhood of t h e  des i red  t e rmina l  s t a t e  under a l l  of  
t h e  s e l e c t e d  p e r t u r b a t i v e  forces , then confidence i n  the  
c a p a b i l i t y  of t h e  guidance system would c e r t a i n l y  be v e r y  high.  
But, because a ggided space veh ic l e  i s  a h ighly  nonl inear  
dynamical system, the re  i s  always reasonable  doubt t h a t  i t s  
guidance sys t em w i l l  be adequate when o t h e r  se t s  of per turba-  
t i v e  fo rces  are p resen t .  It i s  a common experience of 
i n v e s t i g a t o r s  of the behavior of nonl inear  systems that  the  
p r a c t i c e  of p r e d i c t i n g  t h e  behavior o f  such systems under 
one set  of p e r t u r b a t i v e  forces  on the basis o f  t h e i r  known 
behavior  under o t h e r  s e t s  of  t hese  f o r c e s  i s  very dangerous 
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indeed.  This danger was well known, of  course,  t o  the 
i n v e s t i g a t o r s  who had t h e  r e s p o n s i b i l i t y  f o r  t e s t i n g  the 
c a p a b i l i t y  of t h e  guidance schemes developed i n  t h i s  l abora to ry ,  
b u t ,  inasmuch as no be t te r  method appeared t o  be a v a i l a b l e ,  
t h e y  were fo rced  t o  use t h e  only method a t  t h e i r  d i sposa l .  
The broad problem toward which t h e  r e sea rch  has been and 
i s  being d i r e c t e d  may be s t a t e d  as being tha t  of f i n d i n g  t h e  
m a x i m a l  region surrounding and conta in ing  the unperturbed 
t r a j e c t o r y  from any po in t  wi th in  which the  veh ic l e  may be 
guided t o  the  d e s i r e d  t e rmina l  state,  o r  acceptab le  approximation 
t h e r e o f ,  wi th in  a s p e c i f i e d  f i n i t e  time i n t e r v a l .  
I f  the  t ime i n t e r v a l  f rom the i n i t i a l  s ta te  were allowed t o  
be i n f i n i t e  i n  d u r a t i o n  and i f  it were r equ i r ed  that the t e rmina l  
s t a t e  be approached a r b i t r a r i l y  near , then  the problem would be 
.one i n  the  c l a s s i c a l  theory  of  t h e  s t a b i l i t y  o f  motion,and f i n d -  
i n g  the region conta in ing  t h e  unperturbed t r a j e c t o r y  such tha t  
from any poin t  wi th in  the reg ion  it would be p o s s i b l e  t o  guide 
the vehic le  a r b i t r a r i l y  nea r  t o  t he  t e rmina l  s t a t e  would be 
equ iva len t  t o  f i n d i n g  the domain o f  asymptot ic  s t a b i l i t y  i n  the 
c l a s s i c a l  theory .  
I n  our problems, of course,  on ly  f i n i t e  t i m e  i n t e r v a l s  are 
meaningful, and we do not  demand that  the desired te rmina l  state 
be approached a r b i t r a r i l y  near .  I n s t e a d ,  we r e q u i r e  that  the 
s t a t e  of t h e  v e h i c l e  come wi th in  a s p e c i f i e d  t o l e r a n c e  of t h e  
d e s i r e d  te rmina l  s ta te  a t  some time wi th in  a s p e c i f i e d  f i n i t e  
time i n t e r v a l ,  Therefore,  i t  was necessary  t o  modify the c l a s -  
s i c a l  theory  i f  i t  .was t o  se rve  as a t o o l  f o r  s o l v i n g  our  
problems. Accordingly, work was begun i n  t h i s  problem area with 
in-house s tud ie s  and v i a  c o n t r a c t s  l e t  t o  va r ious  r e sea rch  groups 
i n  p r i v a t e  i n d u s t r y  and i n  u n i v e r s i t i e s .  
The genera l  problems descr ibed  above r equ i r ed  that  s e v e r a l  
sub-problems be i n v e s t i g a t e d .  T h i s  was due p r i m a r i l y  t o  the 
c h a r a c t e r i s t i c s  and l i m i t a t i o n s  of the c l a s s i c a l  theory .  T h i s  
t heo ry  had i t s  o r i g i n s  i n  the r e sea rches  of Poincare ' ,  Liapunov, 
and o t h e r s ,  but  i t  i s  the method of Liapunov t h a t  has the  most 
g e n e r a l  and fa r - reaching  a p p l i c a t i o n s .  The Liapunov method, 
which does not  r e q u i r e  that  the s o l u t i o n  o f  the  d i f f e r e n t i a l  
equat ions  desc r ib ing  t h e  motion of the system be known, first 
appeared i n  1892 i n  Liapunov's d o c t o r a l  thesis .  The t h e s i s  was 
t r a n s l a t e d  from t h e  Russian t o  t h e  French i n  1907 and appeared 
i n  t h i s  country as one of Pr ince ton  U n i v e r s i t y ' s  Annals of 
Mathematics S tud ie s  i n  1949. Liapunov was p r i m a r i l y  concerned 
w i t h  the s t a b i l i t y  of the s o l a r  system, as were many i n v e s t i -  
c 
. -  
g a t o r s  i n  the n ine teen th  century,  and he addressed himself t o  
t h i s  problem and q u i t e  n a t u r a l l y  wished t o  develop a theory  
that  would c o r r e c t l y  p r e d i c t  the  s t a b i l i t y  c h a r a c t e r i s t i c s  of 
t h i s  system f o r  a l l  f u t u r e  time. For t h i s  reason the c l a s s i c a l  
t heo ry  concerns i t s e l f  with s t a b i l i t y  of motion over  an  i n f i n i t e  
time i n t e r v a l .  Also, Liapunov's method r e q u i r e s  the generatdon 
o r  i nven t ion  of a func t ion  c a l l e d  a Liapunov func t ion ,  i n  the 
s ta te  v a r i a b l e s  (and poss ib ly  t ime)  which must possess  c e r t a i n  
p r o p e r t i e s .  The method, however, does not  show how t o  genera te  
o r  invent  t h i s  func t ion  and the  d i f f i c u l t y  i n  doing t h i s  f o r  
non l inea r  systems i s  one of  i ts  l i m i t a t i o n s .  P resen t ly ,  
a v a i l a b l e  procedures f o r  genera t ing  Liapunov func t ions  l e a n  
h e a v i l y  on the experience,  ingenui ty  and good f o r t u n e  of the 
i n v e s t i g a t o r .  No g e n e r a l l y  app l i cab le  methods f o r  gene ra t ing  
these func t ions  a r e  known, There ex is t  techniques t ha t  are 
a p p l i c a b l e  only  t o  p a r t i c u l a r  problems o r  t o  some very  
r e s t r i c t e d  c l a s s e s  of low-order, nonl inear  systems. 
The genera t ion  of a Liapunov f u n c t i o n  not  only permits  
u s  t o  make p o s i t i v e  s ta tements  about the  s t a b i l i t y  of t he  
system but  i t  a l s o  opens the way f o r  determining a domain o r  
reg ion  of s t a b i l i t y .  Thus, the motivat ion f o r  r e sea rch  i n  
methods of gene ra t ing  Liapunov func t ions  was c l e a r l y  s t rong .  
But, s i n c e ,  as we have mentioned, our  problems are problems 
i n  f i n i t e - t i m e  s t a b i l i t y  and not  i n  i n f i n i t e - t i m e  s tabi l i ty , ,  
i t  was necessary  t o  t r y  t o  modify the c l a s s i c a l  theory  i n  
o r d e r  t o  make i t  appl icable  t o  our problems. It now appears 
t ha t  the  necessary  modi f ica t ion  has been s u c c e s s f u l l y  made, 
and no f u r t h e r  r e a l l y  b a s i c  theory  i n  t h i s  area i s  needed. 
T h i s  modi f ica t ion  has been developed p r i n c i p a l l y  by E .  F. I n f a n t e  
and L .  Weiss of Brown Univers i ty  under a suppor t ing  r e sea rch  
c o n t r a c t  from MSFC and a NASA g r a n t  and by R.  Gunderson and 
J. George of t h i s  d i v i s i o n .  
The modi f ica t ion  s t i l l  r e q u i r e d  the genera t ion  of a 
Liapunov-like function,and t h i s  very vexing problem has not  
been solved.  
a t  Drexel I n s t i t u t e  under a n  MSFC con t rac t  has r e s u l t e d  i n  
f a i l u r e  t o  f i n d  more gene ra l ly  app l i cab le  methods of  
gene ra t ing  Liapunov f'unctions,,but s e v e r a l  promising avenues 
f o r  f u r t h e r  r e sea rch  have been opened as a r e s u l t  of t h i s  
e f f o r t .  
A two-year research  e f f o r t  by i n v e s t i g a t o r s  
Because it was thought a t  the t i m e  t he  Drexel I n s t i t u t e  
c o n t r a c t  was l e t  that  the r e s u l t  might be disappointing,, 
ano the r  r e sea rch  c o n t r a c t  was awarded t o  t he  r e sea rch  
department of t he  Grumman Aircraft Engineering Corporation 
where two s p e c i a l i s t s  i n  the problem a r e a  were assigned the  






o f i n d  methods of  gene ra t ing  Liapunov func t ions  and t h e  
t a b i l i t y  reg ions  a s soc ia t ed  with them, i n  good approximation, 
f no t  p rec i se ly .  Funds were a v a i l a b l e  only f o r  a small 
e f f o r t ,  and while the  r e s u l t s  obtained were no t  dec is ive ,  
t hey  d i d  show promise of being app l i cab le  t o  p r a c t i c a l  
systems. 
It is n o t  poss ib l e  t o  probe very  deeply i n t o  the  problem 
of the s t a b i l i t y  of  motion of dynamical systems without being 
s i n g u l a r l y  impressed by i t s  c l o s e  r e l a t i o n  t o  the  theo ry  of 
opt imizat ion,and in a guidance o r  c o n t r o l  system what is 
desired is o p t i m a l i t y  as well as r e l i a b i l i t y  and c a p a b i l i t y .  
FZlrther, we would l i k e  f o r  the systems t o  be r e l a t i v e l y  
i n s e n s i t i v e  t o  unknown and unknowable v a r i a t i o n s  i n  the 
veh ic l e  parameters. The r e l a t i o n s ,  then,  among t h e  concepts 
of op t imal i ty ,  s t a b i l i t y  and s e n s i t i v i t y  should be an  area 
f o r  s e r i o u s  research .  Accordingly, a c o n t r a c t  was awarded 
t o  the  Engineering Mechanics Department of the Un ive r s i ty  
of Texas f o r  r e s e a r c h  i n  the poss ib l e  r e l a t i o n s h i p s  among 
these concepts.  The r e s u l t s  have i n d i c a t e d  tha t  the concept 
of s e n s i t i v i t y  is an  i l l u s i v e  one,and t h a t  any d e f i n i t i o n  
which appears t o  a f f o r d  p r a c t i c a l l y  u s e f u l  a p p l i c a t i o n s  is 
not  mathematically t r a c t a b l e .  This  work i s  cont inuing and 
has been funded through December 1968. 
CONCLUSION 
I n  summary, then,  i t  could be said that  we have a t  
our  d i s p o s a l  a l l  t he  necessary  theo ry  w e  need f o r  i n v e s t i g a t i n g  
problems i n  f i n i t e - t i m e  s t a b i ’ l i t y .  What is needed are 
p r a c t i c a l  methods f o r  gene ra t ing  Liapunov-like func t ions  i n  
o rde r  t o  be ab le  t o  make p o s i t i v e  s t a t emen t s  about the s t a b i l i t y  
of a nonl inear  system and t o  f i n d  i t s  domain of s t a b i l i t y .  
F ina l ly ,  i t  i s  important  tha t  we know the  r e l a t i o n s  among the 
concepts of op t ima l i ty ,  s t a b i l i t y  and s e n s i t i v i t y , s o  that  we 
may have t h e  t o o l s  f o r  t e s t i n g  and developing guidance and 
c o n t r o l  systems t h a t  are opt imal ,  r e l i ab le  and capable .  
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RESEARCH I N  STABILITY AND CONTROL THEORY 
R. W. Gunderson 
INTRODUCTION 
S t a t e d  b r i e f l y ,  t h e  o b j e c t i v e  of our r e sea rch  i n  
s t a b i l i t y  and c o n t r o l  t heo ry  i s  t o  develop a n a l y t i c a l  t ech -  
n iques  which can be used t o  r ep lace  c o s t l y  experimental  pro- 
cedures now used i n  t h e  development o f  launch v e h i c l e  and 
s p a c e c r a f t  guidance and con t ro l  systems. Our e f f o r t  can be 
e s s e n t i a l l y  d iv ided  i n t o  four  a reas :  t h e  theo ry  of d i f f e r -  
e n t i a l  equat ions  , l i n e a r  systems theory ,  nonl inear  systems 
theory ,  and a p p l i c a t i o n s .  I n  t h e  fo l lowing  paragraphs,  an 
example of work c a r r i e d  out i n  each of t hese  areas w i l l  be 
g iven ,  a long with a b r i e f  summary of  c u r r e n t  e f f o r t .  
THEORY OF DIFFERENTIAL EQUATIONS 
During t h e  p a s t  decade, much time and e f f o r t  have been 
s p e n t  on s tudying  t h e  s t a b i l i t y  of s o l u t i o n s  t o  o rd ina ry  
d i f f e r e n t i a l  equat ions .  However, t he  behayior  of many 
p h y s i c a l  systems i s  b e s t  descr ibed  by systems of p a r t i a l  
d i f f e r e n t i a l  equat ions ,  e.g., launch veh ic l e  f l e x i b l e  body 
dynamics. 
of p a r t i a l  d i f f e r e n t i a l  equat ions w i t h  t he  goa ls  of 
( a )  ob ta in ing  a s t a b i l i t y  theory,  i f  poss ib l e ,  which i s  
c o n s i s t e n t  w i t h  the  mathematical background o f  the  p r a c t i c i n g  
c o n t r o l  engineer ;  ( b )  determining p r a c t i c a l  s t a b i l i t y  c r i t e r i a  
which can be used t o  determine the  s t a b i l i t y  behavior  of 
coupled systems of ord inary  and p a r t i a l  d i f f e r e n t i a l  equat ions .  
We have r e c e n t l y  s t a r t e d  r e sea rch  i n t o  the  theory  
LINEAR SYSTEM THEORY 
An example of our  e f f o r t  i n  t h i s  a r e a  i s  the e x p l o i t a t i o n  
of a Russian l i n e a r  s t a b i l i t y  a n a l y s i s  technique,  known as t h e  
D-decomposition method o f  Neimark. 
f o r  use i n  d i sp l ay ing  the  dependence of c o n t r o l  system s t a b i l -  
i t y  on c e r t a i n  system parameters.  I n  p a r t i c u l a r ,  i n  i t s  
o r i g i n a l  form, t h e  D-decomposition method was s t r i c t l y  an 
a l g e b r a i c  technique and requi red  an a l g e b r a i c  form for t h e  
t r a n s f e r  func t ion  of t he  s y s t e m  i n v e s t i g a t e d .  However, we 
'were a b l e  to modify t h e  method to a f o r m  such t h a t  the  t r a n s -  
f e r  f u n c t i o n  need only  be given i n  frequency response form. 
Hence, t h e  t r a n s f e r  func t ion  could be obtained exper imenta l ly  
and used d i r e c t l y  without  t h e  t i m e  consuming and, sometimes 
T h i s  method was adapted 
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i naccura t e ,  reduct ion  of the experimental  data by curve 
f i t t i n g  rou t ines .  
use  of parameter s t a b i l i t y  reg ions  i n  a number of launch 
v e h i c l e  development programs. 
The r e s u l t s  i n  t h i s  area lead t o  ex tens ive  
NONLINEAR SYSTEMS THEORY 
The popular concept of s t a b i l i t y  r e f e r s  t o  s o l u t i o n  
behavior  over an i n f i n i t e  time i n t e r v a l .  However, the launch 
v e h i c l e  con t ro l  system i s  only  requi red  t o  exhibi t  s tab le  
behavior  over a rather b r i e f  f i n i t e  i n t e r v a l .  A s  a conse- 
quence, r e s u l t s  obtained us ing  i n f i n i t e  i n t e r v a l  c r i t e r i a  
could be misleading o r ,  a t  least ,  over ly  r e s t r i c t i v e .  During 
the  p a s t  year, we have made cons iderable  progress  toward 
developing a f i n i t e - t i m e  s t a b i l i t y  theory,  t o  the po in t  that  
the  theory  is e s s e n t i a l l y  completed. However, much remains 
t o  be done i n  ob ta in ing  ways t o  use the  theory .  
APPLICATIONS 
I n  some cases  a s u c c e s s f u l  a n a l y s i s  of system behavior  
r e s u l t s  from coupling e x i s t i n g  theo ry  with unique f e a t u r e s  
of t he  system t o  be analyzed. One such a n a l y s i s  was that  
of a lock-on o s c i l l a t o r ,  which was t o  se rve  as a component 
i n  an adapt ive a t t i t u d e  c o n t r o l  system. Normally, t he  phase 
p lane  technique of  analyzing non l inea r  systems can be used 
only  f o r  autonomous systems. However, the n a t u r e  of the 
o s c i l l a t o r  was s u c h ' t h a t ,  even though i t s  behavior  was non- 
autonomous, t h e  phase plane technique could be p r o f i t a b l y  
u t i l i z e d .  The r e s u l t i n g  a n a l y s i s  showed the  o s c i l l a t o r  had 
s e r i o u s  shortcomings, not  de t ec t ed  by experimental  checks, 
and i t  was not  used. 
SUMMARY 
A s  already mentioned, we are beginning t o  spend t i m e  on 
the  problem of s t a b i l i t y  of s o l u t i o n s  t o  par t ia l  d i f f e r e n t i a l  
equat ions .  T h i s  is, however, a very  d i f f i c u l t  problem and 
r e q u i r e s  ex tens ive  p repa ra to ry  s tudy .  I n  the area of l i n e a r  
systems, work was r e c e n t l y  completed on a problem i n  c o n t r o l -  
l a b i l i t y  of mult i - input  l i n e a r  systems,and a r e p o r t  i s  being 
prepared on t h e  As method of l i n e a r  a n a l y s i s .  E f f o r t  w i l l  
cont inue on determining means of applying the theo ry  of 
i n f i n i t e - t i m e  s t a b i l i t y ,  where the main problem i s  t h a t  of 
sys t ema t i c  de te rmina t ion  of Liapunov f u n c t i o n s .  
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INTERPLANETARY INTEGRATING COMPUTER PROGRAMS 
J. Reynolds Duncan, Jr. 
INTRODUCTION 
An i n t e r p l a n e t a r y  computer program i s  one of  the 
primary t o o l s  used i n  astrodynamical work. 
a numerical ly  i n t e g r a t e d  program which provides  a t r a j e c t o r y  
t h a t  a s p a c e c r a f t  may fo l low t o  achieve a d e s i r e d  s e t  of 
end cond i t ions ,  Cons t ra in ts  are u s u a l l y  imposed on t h e  
program s o  t h a t  t h e  r e s u l t i n g  t r a j e c t o r y  i s c a  r e a l i s t i c  one. 
For in s t ance ,  we may s p e c i f y  t h a t  t h e  s t a r t i n g  poin t  be a 
p a r t i c u l a r  launching s i t e  a t  Cape Kennedy, o r  we may choose 
as our  i n i t i a l  condi t ions ,  a 100 n.m. parking o r b i t  about 
t h e  earth,  Of course the  t r a j e c t o r y  must a l s o  be r e a l i s t i c  
i n  the sense  t h a t  i t  accura t e ly  r e f l e c t s  the  t o t a l  e f f e c t  of 
the f o r c e s  which may a c t  upon o r  i n t e r a c t  with t h e  s p a c e c r a f t .  
Then too,  t h e  numerical i n t e g r a t i o n  of t h e  equat ions of 
motion must be performed with acceptab le  accuracy. 
It i s  b a s i c a l l y  
DISCUSSION 
Despite t h e  d i f f i c u l t y  and complexity of t he  problem 
there are many i n t e r p l a n e t a r y  computer programs which have 
been developed t o  produce these des i red  s o l u t i o n  t r a j e c t o r i e s .  
Although these  programs may provide comparable r e s u l t s  for 
most problems, they  o f t e n ,  upon c l o s e r  examination, r e v e a l  
s i g n i f i c a n t l y  d i f f e r e n t  c h a r a c t e r i s t i c s  which may produce 
c o n f l i c t i n g  r e s u l t s  f o r  some s p e c i f i c  problems. 
there  s o  many d i f f e r e n t  programs i n  use? How can they  be 
s i g n i f i c a n t l y  d i f f e r e n t  and s t i l l  produce comparable r e s u l t s  
f o r  most problems? 
modify these programs and/or produce new programs? To answer 
these and o t h e r  ques t ions  we shal l  probe t h e  composition and 
cons t ruc t ion  of t h e s e  programs, no t  wi th  t he  i n t e n t i o n  of 
i d e n t i f y i n g  which program i s  the "best" or making recommendations 
on the use of p a r t i c u l a r  rou t ines  wi th in  t h e  program, but  
merely t o  present  some i d e a  o f  t h e  tremendous amount of r e sea rch  
and a n a l y s i s  necessary  t o  produce such programs. A s  w e  go 
deeper  i n t o  the makeup of these  programs,we sha l l  see tha t  our  
imperfect  b u t  improving knowledge o f  t he  fo rces  a t  work i n  
o u r  s o l a r  system combined with eve r  improving numerical 
techniques and advancements i n  computer hardware, provide a 
Why are 
Why i s  i t  necessary  t o  cont inuously 
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cont inuously changing foundat ion upon which these programs 
are b u i l t .  Thus, i r  a program i s  t o  remain as e f f i c i e n t  as 
Poss ib l e  and/or conta in  t h e  most accu ra t e  mathematical models 
a v a i l a b l e ,  it must undergo pe r iod ic  o r  continuous review and 
r e v i s i o n .  
The n i c e s s i t y  f o r  continuous updating and the  f a c t o r s  
con t r ibu t ing  t o  program d i f f e rences  may be bes t  i l l u s t r a t e d  
by descr ib ing  the  components of the program and the way I n  
which these  program parts f i t  toge the r  and work toge ther  t o  
provide so lu t ions  t o  i n t e r p l a n e t a r y  t r a j e c t o r y  problems. 
But f i r s t  w e  s h a l l  g i v e  a b r i e f  overview of the make-up of 
these programs i n  hopes of providing a skeletal  s e r u c t u r e  
upon which t o  hang the ensuing more detai led d i scuss ion .  
We s t a r t  wi th  an n-body problem s o l u t i o n  which provides  a 
method f o r  t h e  numerical i n t e g r a t i o n  o f  the equat ions  of 
motion of the  s p a c e c r a f t  and s p h e r i c a l  homogeneous p l ane t s .  
Then added t o  t h i s  are the e f f e c t s  of non-spherical  na tu re  
of t he  p l ane t s ,  i . e . , o b l a t e n e s s  and higher o r d e r  e f f ec t s ,  
a long w i t h  mathematical models of non-gravi ta t iona l  f o r c e s  
such as r a d i a t i o n  pressure  and atmospheric drag. This  
produces what we s h a l l  c a l l  an expanded n-body s o l u t i o n .  
Las t ly ,  we employ an i s o l a t i o n  rou t ine  which uses  the 
expanded n-body s o l u t i o n  as a t r a j e c t o r y  g e n e r a t e r  and, if 
p o s s i b l e ,  provides  us with o u r  des i r ed  s o l u t i o n  t r a j e c t o r y  
We sha l l  now at tempt  a more d e t a i l e d  exp lana t ion  of 
these  program parts s t a r t i n g  w P t h  what may be considered 
the core  of  t h e  i n t e r p l a n e t a r y  program - the  n-body problem. 
The s o l u t i o n  t o  the n-body problem r e q u i r e s  t he  a b i l i t y  t o  
a c c u r a t e l y  r ep resen t  the path of a s p a c e c r a f t  t r a v e l i n g  i n  
t h e  so la r  system s u b j e c t  t o  t h e  g r a v i t a t i o n a l  f o r c e s  o f  the 
bodies  i n  the s o l a r  system. Implied i n  t h i s  is the  a b i l i t y  
t o  r ep resen t  the motion of these g r a v i t a t i o n a l  bodies  
s u b j e c t  t o  t h e i r  interdependent  g r a v i t a t i o n a l  f i e l d s .  
a t tempts  a t  t h e  s o l u t i o n  t o  the n-body problem may be 
c l a s s i f i e d  under two b a s i c  approaches - gene ra l  p e r t u r b a t i o n  
theory  and s p e c i a l  p e r t u r b a t i o n  theory .  
The 
General p e r t u r b a t i o n  theory  encompasses the at tempts  
a t  a n a l y t i c  o r  c losed  form s o l u t i o n s .  To i l l u s t r a t e ,  l e t  us 
take the simple example of an a r t i f i c i a l  s a t e l l i t e  i n  o r b i t  
about a spherical  homogeneous p l a n e t  with no f o r c e s  involved 
except  the  inve r se  square g r a v i t a t i o n a l  f i e l d  of the p l a n e t  
An a n a l y t i c  s o l u t i o n  i s  known f o r  t h i s  problem. This  
s o l u t i o n  allows us t o  know the  exac t  p o s i t i o n  and v e l o c i t y  
of t he  s a t e l l i t e  a t  any des i red  t i m e  provided that  w e  are 
given i t s  p o s i t i o n  and v e l o c i t y  a t  some t i m e  which we s h a l l  
c a l l  t i m e  z e r o .  Therefore ,  if we desired t o  know Its 
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l o c a t i o n  a t  some f u t u r e  time, say 30 years ,  6 days,  5 hours ,  
32 minutes, and 7 seconds from time zero ,  we could,  by 
s u b s t i t u t i o n  of t h i s  time i n t o  a few equations,compute 
e x a c t l y  where t h e  s a t e l l i t e  w i l l  be.  T h i s  s o l u t i o n ,  being 
exac t ,  i s  t h e  most d e s i r a b l e  type of  s o l u t i o n ,  bu t ,  t hus  
far,  no one has produced such a s o l u t i o n  t o  t h e  gene ra l  
n-body problem. However, s o l u t i o n s  have been produced us ing  
the second method of a t t a c k ,  t h a t  of s p e c i a l  p e r t u r b a t i o n  
theory .  
S p e c i a l  p e r t u r b a t i o n  theory provides  the b a s i s  for t h e  
n-body problem s o l u t i o n  t h a t  i s  used i n  a l l  of t h e  numerical ly  
i n t e g r a t e d  i n t e r p l a n e t a r y  computer programs. 
i n  t h e  s p e c i a l  p e r t u r b a t i o n  approach i s  t h e  formula t ion  of  
the equat ions  of motion o f  t h e  s p a c e c r a f t  and p l a n e t s .  There 
are a v a r i e t y  of methods a v a i l a b l e  bu t ,  fundamentally,  t h e y  
are a l l  combinations o r  v a r i a t i o n s  of t h r e e  b a s i c  methods: 
the  formula t ion  by sum-total ing a l l  of t h e  e f f e c t i n g  g r a v i t a t i o n a l  
f o r c e s ;  t h e  method of v a r i a t i o n  of coord ina tes ;  and t h e  method 
of v a r i a t i o n  of parameters .  The las t  two methods take advantage 
o f  known a n a l y t i c a l  s o l u t i o n s  which c l o s e l y  approximate the 
a c t u a l  t r a j e c t o r y  ( o r  ephemeris) of  t h e  s p a c e c r a f t  and p l a n e t s  
over  a r e l a t i v e l y  l i m i t e d  per iod of  t i m e .  The f irst  method 
mentioned, sometimes known as "Cowell Is Method, " does no t  take 
advantage of  known approximate s o l u t i o n  bu t  may have the 
advantage of a c l e a r e r  more s t r a igh t fo rward  formula t ion  and, 
as i n d i c a t e d  above, it involves  the  numerical  i n t e g r a t i o n  of 
t h e  t o t a l  a c t i n g  a c c e l e r a t i n g  f o r c e s .  The gene ra l  method o f  
v a r i a t i o n  of coord ina tes ,  or' which the  well-known Enckels 
method is  a modi f ica t ion ,  involves  no t  the t o t a l  f o r c e s  
e x p l i c i t l y ,  bu t  ra ther  i s  concerned with t h e  numerical i n t e g r a t i o n  
of the depa r tu re  of the  a c t u a l  t r a j e c t o r y  from a f ixed  r e fe rence  
o r b i t .  The advantage here  i s  that  t h e  i n t e g r a t e d  d i f f e r e n c e s  
are small and t h e r e f o r e  longer  i n t e g r a t i o n  s t e p s  may be made, 
w i t h  comparable accuracy, than  are g e n e r a l l y  poss ib l e  w i t h  a 
Cowell formula t ion .  The v a r i a t i o n  of parameters method o f f e r s  
similar advantages by r ep resen t ing  a c c e l e r a t i n g  f o r c e s  i n  
terms of o r b i t a l  elements or parameters .  By s e l e c t i n g  parameters 
which are s lowly  changing, the  e f f e c t  of t he  dominant c e n t r a l  
g r a v i t a t i o n a l  f o r c e  may be suppressed and advantage may be 
t aken  of the known a n a l y t i c  s o l u t i o n  t o  t he  two-body problem. 
A s  mentioned previous ly ,  these methods can be combined or 
a l te red  t o  produce o t h e r  formulat ions which may be b e t t e r  s u i t e d  
f o r  s p e c i f i c  problem. However, be fo re  t r y i n g  t o  match 
fo rmula t ions  t o  problems, we must cons ider  the second p a r t  of 
t h e  s p e c i a l  p e r t u r b a t i o n  theory  approach. Tha t  i s ,  now tha t  
w e  have formulated t h e  equat ions of motion, how are we going t o  
numer ica l ly  i n t e g r a t e  these  equat ions  t o  produce our  des i red  
s o l u t i o n ?  
The f i r s t  s t e p  
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I Again, t h e r e  a r e  a great number and v a r i e t y  of methods 
which may be used. 
popular  numerical i n t e g r a t i o n  techniques i n  use today and t r y  
the d i scuss ion  of these techniques,  we should po in t  ou t  t ha t  
a l l  of t h e  commonly used numerical i n t e g r a t i o n  techniques are 
based on power s e r i e s  expansions and d i f f e r  mainly i n  the 
method of t rea tment ,  approximation, and computation of the 
ser ies .  
We s h a l l  desc r ibe  a few of  t h e  most .  
I t o  i n d i c a t e  some o f  t h e i r  advantages and disadvantages.  Before 
I 
One of t he  most  wel l  known techniques i s  the f o u r t h  o rde r  
Runge-Kutta method which i s  t h e  equiva len t  of a f o u r t h  order  
power s e r i e s  expansion. It i s  a se l f - con ta ined  package whkhrequlres 
as inpu t  the equat ions  of motion and t h e  d e s i r e d  t i m e  s t ep  t o  
be used.  Thus, i t  can be e a s i l y  i n s e r t e d  i n t o  a program 
whenever a numerical i n t e g r a t i o n  technique i s  needed. However, 
. i n  o rde r  t o  minimize the numerical e r r o r s ,  t h e  time s tep  must 
u s u a l l y  be small and i n  f a c t  the Runge-Kutta method does no t  
provide any i n d i c a t i o n  o f  t h e  s i z e  of the t r u n c a t i o n  o r  round- 
o f f  e r r o r s  produced by t h e  numerical  i n t e g r a t i o n  process .  O f  
course,  a small time s t e p  can mean a f a n t a s t i c  number of 
i n t e g r a t i o n  s t e p s  i n  t h e  computation of an i n t e r p l a n e t a r y  
t r a j e c t o r y .  A s h o r t  i n t e g r a t i o n  s t e p  and a l a c k  of e r r o r  
c o n t r o l  do not recommend t h i s  technique f o r  use i n  i n t e r p l a n e -  
t a r y  programs. Another technique,  t h e  m u l t i s t e p  method, i s  
b e t t e r  s u i t e d  f o r  i n t e r p l a n e t a r y  problems. Bas i ca l ly ,  i t  
sets up a backward d i f f e r e n c e  t a b l e  which i s  used t o  r ep resen t  
the d e r i v a t i v e s  i n  a s e r i e s  expansion. By adding higher  o rde r  
d i f f e r e n c e s  t o  t h e  t a b l e s ,  t h e  accuracy of  t h i s  method may be 
extended t o  almost any desired o rde r .  The m u l t i s t e p  method 
works very wel l  f o r  problems i n  which a cons tan t  s t e p  s i z e  
can be used such as with the numerical  i n t e g r a t i o n  of  the paths 
of t h e  p l a n e t s ,  b u t  i t  may not  be very  e f f i c i e n t  i n  the 
i n t e g r a t i o n  of t h e  equat ions  of motion of a s p a c e c r a f t ,  s i n c e  
a s p a c e c r a f t  may vary over extremes i n  d i s t a n c e  from g r a v i -  
t a t i o n a l  bodies and t h u s  r e q u i r e  v a s t l y  d i f f e r e n t  i n t e g r a t i o n  
s t e p  s i z e s .  Also,  t he  m u l t i s t e p  method is not  s e l f - s t a r t i n g  
b u t  r e q u i r e s  a t a b l e  of known values  before  computation can 
begin and t o o ,  t h e r e  s t i l l  remains t h e  problem of e r r o r  c o n t r o l .  
Be-fore cont inuing with t h e  d e s c r i p t i o n  of the last  two numerical  
i n t e g r a t i o n  techniques,we might pause here  t o  s a y  a few words 
about t h e  source of t hese  numerical  e r r o r s  which we seek  t o  
c o n t r o l .  The e r r o r  due t o  t r u n c a t i o n  a r i s e s  from t h e  f a c t  that  
our  s e r i e s  expansion may not  be of h igh  enough o rde r  t o  a c c u r a t e l y  
cover  t h e  i n t e g r a t i o n  time s t e p  which w e  have s p e c i f i e d .  The 
second e r r o r  source t ha t  o f  round-off,  r e s u l t s  mainly from the 
number o f  operat ions performed by the computer i n  the process  of 
i n t e g r a t i n g  the e n t i r e  t r a j e c t o r y  o r  o r b i t  - the  more ope ra t ions  
performed, the  g r e a t e r  the round-off e r r o r ,  One p o s s i b i l i t y  
f o r  the c o n t r o l  of t h e s e  e r r o r s  would be a v a r i a b l e  s t e p  s i z e  
which would al low t h e  use of the l a r g e s t  s t ep  p o s s i b l e ,  while 
holding t h e  t r u n c a t i o n  e r r o r  t o  an accep tab le  l e v e l .  Also, i f  
i t  were p o s s i b l e  t o  convenient ly  change t h e  number of  terms 
used i n  the s e r i e s  expansion while the t r a j e c t o r y  i s  being 
i n t e g r a t e d ,  i t  might h e l p  t o  hold down the e r r o r  accumulation 
and, i n  conjunct ion with t h e  va r i ab le  t i m e  s t e p ,  provide f o r  
fas te r ,more  e f f i c i e n t  numerical i n t e g r a t i o n .  These a r e  two 
important  f e a t u r e s  of t h e  next numerical technique we shal l  
d i s c u s s ,  namely, t h e  power s e r i e s  method. Numerical i n t e g r a t f o n  
by the power s e r i e s  method is accomplished by d i r e c t l y  computing 
and summing the terms i n  a power s e r i e s  expansion. Recursive 
formulae permit t h e  c a l c u l a t i o n  of the terms t o  any d e s i r e d  
o r d e r  and a l s o  provide a convenient means f o r  e r r o r  c o n t r o l  
and s t e p  s i z e  v a r i a t i o n .  While t h i s  method does lend i t s e l f  
very well t o  i n t e r p l a n e t a r y  problems, i t  does have i t s  
drawbacks. The development of the necessary  r ecu r s ion  
r e l a t i o n s h i p s  may be d i f f i c u l t , a n d  the r e l a t i o n s h i p s  them- 
s e l v e s  are very dependent upon the form and s t r u c t u r e  o f  
t h e  equa t ions  of motion. This makes i t  d i f f i c u l t  t o  develop 
a numerical  i n t e g r a t i o n  package which may be used where 
needed i n  d i f f e r e n t  programs. Also,  i f  t h e  equa t ions  of motion 
a r e  very  complex, t h e  nvmber o f  v a r i a b l e s  w i l l  be l a r g e  and 
there may be a problem with the amount o f  computer s torage t h a t  
is  a v a i l a b l e .  However, a l l  th ings  considered, the advantages 
outweigh the disadvantages,and the a d d i t i o n a l  t i m e  which i s  
spen t  i n  the  development of  t h i s  method i s  wel l  worth the 
e f f o r t .  The f i n a l  method t o  be d iscussed  was developed by 
Fehlberg,  and i s  a c t u a l l y  a combination of t h e  Runge-Kutta 
method with the  power s e r i e s  technique.  It o f f e r s  t h e  same 
advantages and has about t h e  same disadvantages as t h e  power 
ser ies  method except  t ha t  i t  r equ i r e s  less computer time 
and u t i l i z e s  a l i t t l e  l e s s  computer memory. Reduced computer 
running time i s  r e f l e c t e d  i n  b e t t e r  round-off e r r o r  c o n t r o l  
which produces more accu ra t e  numerical answers. These f o u r  
numerical  i n t e g r a t i o n  techniques a r e  but  a few of the many 
techniques  that  a r e  i n  use,  b u t  t hey  do provide an i n d i c a t i o n  
of t h e  wide v a r i e t y  of methods t h a t  have been developed. 
With t h i s  a v a i l a b l e  assortment of techniques i n  mind, l e t  
us  r e t u r n  t o  our o r i g i n a l  problem of s e l e c t i n g  a s p e c i a l  
p e r t u r b a t i o n  theo ry  method for .  dse i n  secu r ing  a s o l u t i o n  t o  
the  n-body problem - tha t  is ,  which combination of equat ion 
formula t ion  a d  numerical technique i s  bes t  f o r  an i n t e r p l a n e t a r y  
program. It should be obvious from the few samples t h a t  have 
been mentioned tha t  t h e r e  a r e  a g r e a t  number of' p o s s i b l e  
combinations a v a i l a b l e ,  a l l  with advantages and disadvantages,  
and a l l  of  t hese  combinations can p robab ly  be shown t o  be the  
best  one f o r  use on some p a r t i c u l a r  problem. Admittedly, 
t h e r e  w i l l  be some combinations which can immediately be 
e l imina ted  f o r  u s e  on i n t e r p l a n e t a r y  trajectories b u t  i f  such 
t h i n g s  as atmospheric boos t e r  f l i g h t s  and opt imiza t ion  of nea r  
e a r t h  burn arcs are t o  be considered as part  of the o v e r a l l  
i n t e r p l a n e t a r y  problem, then i t  may be necessary t o  cons ider  
t he  use of more than  one formulat ion and poss ib ly  s e v e r a l  
d i f f e r e n t  numerical  techniques.  The s e l e c t i o n  of t he  proper 
formula t ion(s )  and numerical method(s) t o  use  I n  an  i n t e r -  
p l ane ta ry  program can best  be made by c a r e f u l  cons ide ra t ion  
of t he  primary goa l  of t h e  program. For example, a program 
designed f o r  maximum accuracy wi th  computer running t i m e  being 
of secondary cons idera t ion  would probably be q u i t e  d i f f e r e n t  
i n  cons t ruc t ion  from a program i n  which some degradat ion i n  
accuracy was acceptab le  i f  the  computational speed could be 
increased .  Decisions which r e f l e c t  t he  r e l a t i v e  importance 
of var ious program c h a r a c t e r i s t i c s  w i l l  need t o  be made a t  
p r a c t i c a l l y  every s t e p  of the program bu i ld ing  process .  
Thus, i t  behooves us t o  cons t ruc t  a h i e r a r c h y o f  des i red  
c h a r a c t e r i s t i c s  before  the s e l e c t i o n  process  i s  s tar ted.  
Such factors  as computer running time, ease of opera t ion ,  
amenabi l i ty  t o  program modif ica t ion ,  v e r s a t i l i t y ,  accuracy 
of the numerical I n t e g r a t i o n  technique,  formulat ion of the 
eqdat ions  of motion, accuracy of the mathematical models, 
and dependabi l i ty  need t o  be given c a r e f u l  cons ide ra t ion  and 
then  placed i n  t h e  des i red  o rde r  o f  importance. 
t he  expanded n-body s o l u t i o n ,  that  i s ,  the i n c l u s i o n  o f  whatever 
a d d i t i o n a l  a c c e l e r a t i n g  f o r c e s  may be deemed necessary  f o r  
program completeness. 
a func t ion  of the o v e r a l l  purpose of the program. Ord ina r i ly ,  
most i n t e r p l a n e t a r y  programs are no t  designed f o r  use beyond 
t h e  s o l u t i o n  of the problem of t r a n s f e r  from e l l i p t i c a l  o r b i t  
about one p l a n e t  t o  o r b i t a l  i n s e r t i o n  o r  impact of another  
p l ane t  - t h i s  i n  i t s e l f  i s  problem enough. For such a program 
we may wish t o  inc lude  such fo rces  as high and low t h r u s t ,  
s o l a r  r a d i a t i o n  pressure ,  p l ane ta ry  ob la t eness  e f f e c t s  and 
poss ib ly  electromagnet ic  f o r c e s  and r e l a t i v i s t i c  e f f e c t s .  
O f  course,  mathematical models are needed t o  r ep resen t  these 
f o r c e s  i n  the program,and t h i s  p re sen t s  ano the r  p o s s i b i l i t y  
f o r  d i f f e rences  between programs s i n c e  some of these f o r c e s  
are not well understood and o t h e r s  have more than  one accep tab le  
mathematical model. Weshall not  a t tempt  any de t a i l ed  d i s c u s s i o n  
of these forces except t o  i n d i c a t e  tha t  the inc reas ing  body of 
knowledge i n  these areas may n e c e s s i t a t e  a p e r i o d i c  updat ing 
of the  models used i n  i n t e r p l a n e t a r y  programs. 
and inc lus ion  of the  desired models, the c o n s t r u c t i o n  of o u r  
expanded n-body s o l u t i o n  i s  complete. We now have a program 
which w i l l  compute the t r a j e c t o r y  of a s p a c e c r a f t  s u b j e c t  t o  
From the n-body problem s o l u t i o n  we sha l l  proceed t o  
Which f o r c e s  are included is  p r i m a r i l y  
With the s e l e c t i o n  
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g r a v i t a t i o n a l  and o t h e r  fo rces ,  provided, 6f course,  tha t  we 
supply  a set  of s t a r t i n g  condi t ions  f o r  t he  p l a n e t s  and 
s p a c e c r a f t .  This  b r ings  us t o  ou r  next  problem, namely, how 
do we o b t a i n  these i n i t i a l  condi t ions?  
conic ,  o r  approximate, s o l u t i o n s  t o  the  problem, we u s u a l l y  
have a v a i l a b l e  a set  of i n i t i a l  condi t ions  which, while no t  
as accu ra t e  as we need, i s  a t  l eas t  u s u a l l y  i n  the  r i g h t  
b a l l  park.  Combining these i n i t i a l  condi t ions  wi th  o u r  
expanded n-body s o l u t i o n ,  we then seek t h e  aid of an i s o l a -  
t i o n  r o u t i n e  t o  gene ra t e  an accura te  s e t  of i n i t i a l  cond i t ions  
which, when u t i l i z e d  i n  our  expanded n-body s o l u t i o n ,  w i l l  
ach ieve  our  d e s i r e d  goa l s .  The gene ra l  method of ope ra t ion  
of  i s o l a t i o n  r o u t i n e s  is t o  s ta r t  wi th  a s e t  of approximate 
i n i t i a l  condi t ions  and, u t i l i z i n g  the  expanded n-body s o l u t i o n ,  
in tegrate  ou t  t o  the v i c i n i t y  of the  des i red  end cond i t ions .  
Then a small change i s  made i n  one of  the i n i t i a l  condi t ions  
and the  equat ions  of motion are aga in  i n t e g r a t e d .  
p rocess  i s  continued u n t i l  v a r i a t i o n s  have been made i n  a l l  
of the independent var iab les ,and  then  a check i s  made t o  see 
how these changes i n  the  i n i t i a l  cond i t ions  have e f f e c t e d  
the c u t o f f  condi t ions .  U t i l i z i n g  t h i s  information,  an 
adjustment  i s  now made i n  the  independent v a r i a b l e s  which 
should  provide a t r a j e c t o r y  with end condi t ions  t h a t  are 
c l o s e r  t o  our  d e s i r e d  va lues  than  the  f i n a l  values  of t h e  
i n i t i a l  t r a j e c t o r y .  T h i s  process ,  when continued, should 
i s o l a t e  a s e t  of  i n i t i a l  condi t ions  which w i l l  provide our  
desired cutoff  cond i t ions .  A l l  t h i s  i s  eas ie r  sa id  than  
done, and we sha l l  now d i scuss  some of t h e  d i f f i c u l t i e s  
which are encountered. 
Through the  use of 
This 
The b a s i c  problem confront ing  the  i s o l a t i o n  r o u t i n e  
i s  how t o  deal w i t h  t h e  g e n e r a l l y  non l inea r  r e l a t i o n s h i p  
of t he  dependent and independent v a r i a b l e s  which r ep resen t  
t he  f i n a l  and i n i t i a l  condi t ions ,  r e s p e c t i v e l y .  Two 
approaches t o  the  s o l u t i o n  of t h i s  problem a r e  the  u t i l i z a -  
t i o n  of non l inea r  func t ions  and the  s u b s t i t u t i o n  of more 
l i n e a r l y  dependent v a r i a b l e s  f o r  t he  nonl inear  ones. A s  
was i n d i c a t e d  i n  t h e  i s o l a t i o n  scheme descr ibed  above, a 
number of i n t e g r a t i o n s  of t he  equat ions  of motion are requi red  
before  a c o r r e c t i o n  of t h e  approximate i n i t i a l  condi t ions  can 
be made. The number of i n t e g r a t i o n s  needed i n c r e a s e s  ra ther  
r a p i d l y  when higher  o rde r  re1a;tions are used and the  addi- 
t i o n a l  machine time r equ i r ed  for these i n t e g r a t i o n s  may o f f -  
s e t  t he  p o s s i b l e  decrease  i n  the number of i s o l a t i o n  t r i a l s  
which are needed f o r  convergence. The s e l e c t i o n  of a 
r e l a t i v e l y  l i n e a r  s e t  of  independent and dependent v a r i a b l e s  
permits  t he  use of l i n e a r  r e l a t i o n s h i p s  i n  the  i s o l a t i o n  
r o u t i n e ,  b u t  it i s  not  always p o s s i b l e  t o  f i n d  such n i c e l y  
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behaved v a r i a b l e s  over t h e  wide range of problems encountered 
i n  i n t e r p l a n e t a r y  work. Improvements can sometimes be made 
i n  i s o l a t i o n  r o u t i n e s  when dea l ing  wi th  a s p e c i f i c  c l a s s  of 
problems, but  t hese  improvements a r e  u s u a l l y  of  l i t t l e  use 
when appl ied t o  o t h e r  c l a s s e s  of problems. None of the 
p r e s e n t l y  a v a i l a b l e  i s o l a t i o n  r o u t i n e s  appear t o  be able t o  
provide the  fast ,  f l e x i b l e  and r e l i a b l e  performance tha t  is  
needed f o r  use wi th  t h e  complex and s e n s i t i v e  problems asso-  
c i a t e d  with i n t e r p l a n e t a r y  t r a j e c t o r y  s t u d i e s .  The develop- 
ment o f  b e t t e r  i s o l a t i o n  r o u t i n e s  would have a pronounced 
e f f e c t  on t h e  e f f i c i e n c y  of i n t e r p l a n e t a r y  programs. Need- 
l e s s  t o  say, t h e  choice of  an i s o l a t i o n  r o u t i n e  f o r  use i n  
an i n t e r p l a n e t a r y  program provides  y e t  another  oppor tuni ty  
f o r  program d i f f e r e n c e s  t o  grow. It is probably the i s o l a -  
t i o n  rou t ine ,  more than  any o t h e r  s i n g l e  f a c t o r  which 
accounts  f o r  v a r i a t i o n s  i n  computer running times f o r  t he  
d i f f e r e n t  i n t e r p l a n e t a r y  programs. With the i n c l u s i o n  of 
an i s o l a t i o n  rou t ine ,  t h e  i n t e r p l a n e t a r y  program i s  
e s s e n t i a l l y  complete. 
CONCLUSION 
Whatever d i f f e r e n c e s  t h e r e  may be i n  i n d i v i d u a l  
programs, it can be said that the c o n s t r u c t i o n  of i n t e r -  
p l a n e t a r y  computer programs i s  a complicated,  d i f f i c u l t , '  
and thought-provoking process ,  and i t  w i l l  be t h i s  and more, 
i f  t h e r e  i s  a genuine i n t e r e s t ,  by t h e  people involved,  t o  
produce a program which w i l l  perform i t s  intended task i n  




GUIDANCE TECHNIQUES FOR INTERPLANETARY 
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FLIGHT 
INTRODUCTION 
There are three phases of  i n t e r p l a n e t a r y  f l i g h t  which 
r e q u i r e  guidance. These a r e  t h e  i n j e c t i o n  phase, the m i d -  
course phase, and the te rmina l  o r  o r b i t  i n s e r t i o n  phase. If 
( u s u a l l y  t h i s  i s  the case)  the main o b j e c t i v e  i s  t o  d e l i v e r ,  
as a c c u r a t e l y  as poss ib l e ,  the maximum u s e f u l  payload i n t o  
a p resc r ibed  o r b i t  about t he  t a r g e t  p l ane t , t hen  there are 
c e r t a i n  c h a r a c t e r i s t i c s  which t h e  guidance schemes must 
have. The o b j e c t  of t h i s  paper i s  t o  d i s c u s s  t h e s e  charac- 
t e r i s t i c s  and t o  po in t  out  a r e a s  where f u t u r e  work w i l l  be 
d i r e c t e d .  
I N J E C T I O N  GUIDANCE 
The i n j e c t i o n  guidance scheme f o r  i n t e r p l a n e t a r y  f l i g h t  
should (1) be near  optimal i n  o r d e r  t o  take f u l l  advantage 
o f  the performance of t he  launch v e h i c l e ,  ( 2 )  produce accura;c> 
i n j e c t i o n  condi t ions  s o  t h a t  midcourse maneuvers can be kept  
as small as poss ib l e ,  (3)  be f l e x i b l e  i n  o rde r  t o  handle i n -  
f l i g h t  p e r t u r b a t i o n s .  IGM possesses  the c h a r a c t e r i s t i c s  
desc r ibed  above and i s  qu i t e  adequate f o r  i n t e r p l a n e t a r y  
f l i g h t  i f  the Sa turn  vehic le  i s  used f o r  the i n j e c t i o n  phase. 
However, i f  launch vehic les  with lower a c c e l e r a t i o n s  are used, 
the I G M  may no t  be s u f f i c i e n t .  It i s  f e l t  that  new guidance 
schemes being developed by R-AERO-G w i l l  prove adequate for 
any c l a s s  of launch veh ic l e .  
Work has been i n i t i a t e d  t o  develop a hypersurface t h a t  
can be used f o r  t a r g e t i n g  f o r  i n t e r p l a n e t a r y  missions.  Such 
a hypersurface would represent  a fami ly  of i n j e c t i o n  condi t ions  
a l l  of which w i l l  produce the same a r r i v a l  condi t ions  a t  the 
target  p l a n e t .  Having a cu tof f  s u r f a c e  for t a r g e t i n g  purposes 
rather than  a f i x e d  set  of i n j e c t i o n  condi t ions  e l i m i n a t e s  
t h e  r e s t r i c t i o n  of having t o  h i t  a f i x e d  po in t  i n  space with 
a s p e c i f i e d  v e l o c i t y  vector .  
MIDCOURSE GUIDANCE 
A guidance scheme for making midcourse maneuvers should 
s t r e s s  accuracy and s i m p l i c i t y .  The more accura t e  t he  co r -  
r e c t i o n  maneuvers can be made, t h e  more exac t  the t e rmina l  
o r b i t  about t h e  ta rge t  p l ane t  can be es tabl ished.  Also, 
a d d i t i o n a l  midcourse maneuvers may be r equ i r ed  i f  t he  cor rec-  
t i o n  maneuvers are no t  performed a c c u r a t e l y .  T h i s  would not 
on ly  r e q u i r e  more f u e l ,  b u t  an a d d i t i o n a l  engine res tar t .  
S i m p l i c i t y  i s  d e s i r a b l e  s ince  each a d d i t i o n a l  pound of guidance 
equipment r e s u l t s  i n  one l e s s  pound of u s e f u l  payload. 
Optimali ty  is  not an important f a c t o r  i n  midcourse guidance, 
s i n c e  -the Av f o r  midcourse c o r r e c t i o n  i s  on t h e  order  of 
5 t o  10 m/sec. A Av of t h i s  magnitude can be obtained W i t h  
s h o r t  burn a r c s ;  thus ,  impulsive approximat.ion5 can be used. 
The guidance problem i s  t o  determine the i n i t i a l  d i r e c t i o n  
of t h e  t h r u s t  - t h i s  d i r e c t i o n  i s  he ld  cons tan t  during-the 
b u r n -  and t h e  d u r a t i o n  of t h e  burn t o  provide the 
i s  needed. Ground-based t r a c k i n g  can be used t o  determine 
the p a t h  o f  t he  s p a c e c r a f t ,  and t h e  AT needed t o  c o r r e c t  the 
t r a j e c t o r y  can be determined on t h e  ground and the r equ i r ed  
information re layed  v i a  r a d i o  t o  the  s p a c e c r a f t .  
AV tha t  
The target  plane o r  c r i t i c a l  plane a t  the  target p l a n e t  
i s  shown i n  Figure 1 and i s  referred t o  as the B plane.  The 
B plane passes through t h e  c e n t e r  of t h e  target p l a n e t  and 
i s  perpendicular  t o  the incoming asymptote. The T vec to r  can 
be chosen t o  l i e  i n  Mars' e c l i p t i c  plane o r  Mars' e q u a t o r i a l  
p lane .  B l i e s  i n  t h e  B plane and i s  a v e c t o r  from the c e n t e r  
of t h e  target p l a n e t  t o  t h e  po in t  where t h e  asumptote p i e r c e s  
the B plane.  B and 0 d e f i n e  t h e  aim po in t ,  and thus ,  t h e  
i n c l i n a t i o n  of  t h e  approach hyperbola and t h e  r a d i u s  of c l o s e  
approach ( r e l a t e d  t o  B)  can be s p e c i f i e d  by B and e .  The 
purpose of t h e  midcourse c o r r e c t i o n  i s  t o  c o r r e c t  f o r  e r r o r s  
i n  B and 0 ,  and t h i s  can be accomplished by us ing  two of the 
t h r e e  a v a i l a b l e  degrees  of freedom (Avx, Avy, AvZ). Guidance 
laws can be developed that  use the  remaining degree of f r e e -  
dom t o  do one ( i n  a d d i t i o n  t o  c o r r e c t i n g  B and e )  of the 
fo l lowing  t h r e e  th ings  : 
1. cor rec t  time o f  a r r i v a l  
2 .  minimize t h e  magnitude of  Av 
3. r e s t r i c t  Av t o  l i e  i n  a given p lane .  
I n  a mission such as Voyager, t h e  exac t  t i m e  of a r r i v a l  
i s  not  important;  thus,guidance law ( 2 )  o r  (3 )  would be used. 
I f  the th i rd  guidance law i s  used, i t  may be p o s s i b l e  t o  
percorm the  midcourse maneuver without l o s i n g  Canopus lock .  
This  would be d e s i r a b l e  from a mission r e l i a b i l i t y  s t andpo in t .  
Manned f l y b y  missions may r e q u i r e  a s p e c i f i c  t ime of c l o s e  
approach, and thus guidance l a w  (1) would be used. A l l  t h r e e  
guidance laws w i l l  be i n v e s t i g a t e d .  
TERMINAL GUIDANCE 
Terminal guidance w i l l  be needed if t h e  mission c a l l s  f o r  
e s t a b l i s h i n g  an o r b i t  around the t a r g e t  p l a n e t .  Accuracy i s  
aga in  important s i n c e  capsule  landing  si tes,  o r b i t a l  photography, 
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and o t h e r  s c i e n t i f i c  experiments are a f f e c t e d  by the t e rmina l  
o r b i t ' s  s i z e  and o r i e n t a t i o n .  Simple open-loop guidance 
schemes, such as a g r a v i t y  t u r n  and a cons tan t  i n e r t i a l  
d i r e c t i o n ,  have been shown t o  be s u f f i c i e n t  f o r  the Voyager 
mission. Ground-based t r ack ing  i s  used t o  determine the 
approach t r a j e c t o r y , a n d  the t h r u s t  d i r e c t i o n  and d u r a t i o n  of 
the i n s e r t i o n  burn are computed on the ground and re layed  t o  
the s p a c e c r a f t .  
loop  schemes i s  on the o rde r  of a few pounds. 
The payload loss due t o  these simple open- 
Simulat ion s t u d i e s  have shown that  only nav iga t ion  e r r o r s  
produce s i g n i f i c a n t  e r r o r s  i n  the t e rmina l  o r b i t ,  and even 
these e r r o r s  are c o r r e c t a b l e  with an  o r b i t  t r i m  Av of 100 m/sec. 
An onboard approach naviga t ion  system would help reduce the 
i n j e c t i o n  e r r o r s ;  however, t h i s  informat ion  would have t o  be 
r e l ayed  t o  the ground and added t o  the t r a c k i n g  data, and the 
guidance command would have t o  be computed and re layed  back 
t o  the s p a c e c r a f t .  The 20-to 30-minute time lag between the 
t i m e  t h e  onboard naviga t ion  s i g n a l  i s  s e n t  from the space- 
c r a f t  u n t i l  t h e  guidance command i s  rece ived  by the s p a c e c r a f t  
l i m i t s  the e f f e c t i v e n e s s  of the  onboard nav iga t ion  system. 
E f f e c t i v e  use could be made of the onboard nav iga t ion  system 
by us ing  onboard c a l c u l a t i o n  o f  the guidance command. However, 
with t h e  a d d i t i o n  of the  onboard nav iga t ion  equipment and a 
guidance computer s u f f i c i e n t l y  large enough t o  compute the 
guidance commands onboard, the  b e n e f i t s  may be over-shadowed 
by the loss i n  payload. Trade s t u d i e s  along these  l i n e s  w i l l  
have t o  be made. 
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THE MATHEMATICAL AND NUMERICAL ANALYSIS 
ASSOCIATED WITH OPTIMAL GUIDANCE CONCEPTS 
Hugo Ingram 
INTRODUCTION 
The ope ra t ion  of a guidance system involves  three 
The naviga t ion  p a r t  of t h e  guidance 
d i s t i n c t  d i v i s i o n s  of e f f o r t .  These d i v i s i o n s  of e f f o r t  
may be c a l l e d  navigat ion,  guidance s i g n a l  genera t ion ,  and 
c o n t r o l  dynamics. 
system i s  concerned wi th  determining the v e h i c l e ' s  p re sen t  
cond i t ions  o r  s ta te .  The guidance s i g n a l  gene ra to r  uses  a 
knowledge of the v e h i c l e ' s  t o t a l  s ta te  and a knowledge of 
t he  desired d e s t i n a t i o n  t o  determine how t o  s t e e r  ( o r  where 
t o  p o i n t  the engines  f o r  rocke t  powered v e h i c l e s ) .  
t r o l  dynamics r e s u l t  f rom an implementation of the guidance 
s i g n a l  which has been generated.  
of the  guidance s i g n a l  w i l l  a f f e c t  the  veh ic l e  dur ing  t h e  
t i m e  r equ i r ed  f o r  the vehic le  t o  reach  the desired d e s t i n a t i o n .  
The con- 
Then t h i s  implementation 
DISCUSSION 
The naviga t ion ,  genera t ion  and implementation of a 
guidance s i g n a l  would have t o  be performed only once i f  a l l  
t h r e e  par ts  of the  guidance system could opera te  p e r f e c t l y .  
That i s :  
1. The nav iga to r  would have t o  determine the  p re sen t  
s ta te  e x a c t l y .  
2. The guidance s i g n a l  gene ra to r  would have t o  know 
o r  genera te  an exact  time h i s t o r y  of the v e h i c l e ' s  
path from t h e  i n i t i a l  s ta te  t o  the desired d e s t i n a -  
t i o n .  T h i s  implies  t h a t  an exac t  time h i s t o r y  f o r  
the s t e e r i n g  of  the  veh ic l e  is  a l s o  known or 
determined. 
3. The implementation of t h e  guidance s i g n a l  would 
have t o  be accomplished in s t an taneous ly  and exac t ly .  
I n  p r a c t i c e ,  none of t he  th ree  cond i t ions  l i s t e d  above f o r  
the  p e r f e c t  ope ra t ion  o f  a guidance system can be achieved. 
For  t h i s  reason t h e  guidance system i s  used r e p e t i t i v e l y  w i t h  
the knowledge that  some of the  e r r o r  sources  that cause t h e  
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impert'ect opera t ion  w i l l  decrease as the  des i red  d e s t i n a t i o n  
i s  approached. Since t h e  opera t ion  cyc le  of a guidance 
system takes a c e r t a i n  amount of t i m e ,  t h e  r e p e t i t i v e  u s e  
of the  guidance system can occur no more o f t e n  than  t h e  t i m e  
requi red  f o r  one opera t ion  cycle .  
ments f o r  a p a r t i c u l a r  mission are not  very s t r i n g e n t  o r  t he  
opera t ion  of a p a r t i c u l a r  guidance system i s  very e f f e c t i v e ,  
t he  guidance system may be employed only once o r  a t  l eas t  
only  a few times ( i n s t e a d  of as o f t e n  as p o s s i b l e ) .  
t h e  proper opera t ion  of a guidance system may be performed 
onboard the vehic le ,  o r  t hey  may be performed a t  a ground 
s t a t i o n  which i s  i n  r a d i o  contac t  w i t h  the  vehic le .  
Obviously, the veh ic l e  can be much more f l e x i b l e  i n  the  
accomplishment of i t s  mission i f  i t  does not  have t o  remain 
i n  contac t  wi th  a ground s t a t i o n .  For t h i s  reason, i t  i s  
d e s i r a b l e  (although not  always poss ib l e )  t o  perform the  
guidance computations onboard. When the guidance computations 
are performed i n t e r n a l l y ,  a guidance computer must be c a r r i e d  
along. Since there i s  not  u s u a l l y  much space o r  weight aboard 
the  vehic le  reserved  f o r  a guidance computer, t he  guidance 
computations tha t  are performed onboard must be less complex 
and more e a s i l y  computed than  guidance computations t h a t  are 
performed by a ground s t a t i o n .  Unless g r e a t  ca re  i s  taken 
i n  t he  s e l e c t i o n  of onboard guidance equat ions,  they  w i l l  
a l s o  be much less e f f e c t i v e  t h a n  the  more complex ground- 
based computations, As computers t h a t  are a v a i l a b l e  f o r  
onboard guidance computations become l i g h t e r ,  more compact, 
faster,  and l a r g e r  (wi th  r e spec t  t o  t he  amount of information 
they  can process) ,  improvements that  are made i n  guidance 
techniques w i l l  r e s u l t  i n  a l a r g e  p r o f i t  with r e s p e c t  t o  the 
s c i e n t i f i c  value of a p a r t i c u l a r  mission. .Most of the guid- 
ance computerls e f f o r t s  are devoted t o  the  gene ra t ion  of a 
guidance s i g n a l ,  al though some computations may be needed 
f o r  naviga t ion  and implementation of t h e  guidance s i g n a l .  
T h i s  means t h a t  a vigorous e f f o r t  t o  improve the mathemati- 
c a l  approach used f o r  guidance s i g n a l  gene ra t ion  w i l l  have 
a l a r g e  impact on t h e  success  and usefu lness  of a p a r t i c u l a r  
mission. 
When the accuracy r equ i r e -  
A l l  of the  mathematical computations necessary  f o r  
The preceding concept leads n a t u r a l l y  t o  a d i scuss ion  
of optimal guidance. This  means t h a t  some a s p e c t  of t h e  
v e h i c l e ' s  performance (as i t  i s  achiev ing  a p a r t i c u l a r  
mission)  must be optimized. 
optimal guidance i s  u s u a l l y  considered t o  be t h e  success fu l  
d e l i v e r y  of  t he  maximum amount of payload o r  u s e f u l  weight 
For rocket-powered veh ic l e s ,  
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t o  a p a r t i c u l a r  d e s t i n a t i o n .  
guidance of a veh ic l e ,  a set  of ord inary  d i f f e r e n t i a l  equat ions  
a r e  formulated and used t o  s imulate  mathematically t h e  motion 
of the veh ic l e .  Appearing i n  these  equat ions  o f  motion are 
the so -ca l l ed  c o n t r o l  v a r i a b l e s  of op t imiza t ion  theory .  They 
are c a l l e d  c o n t r o l  v a r i a b l e s  because they  a r e  not governed by 
any of the d i f f e r e n t i a l  equat ions,  and thus ,  a r e  f r e e  t o  be 
chosen a t  one o r  every i n s t a n t  o f  time i n  t h e  f l i g h t  t o  optimize 
some s p e c i f i e d  a spec t  of t h e  v e h i c l e ' s  performance. The d i f -  
f e r e n t  mathematical techniques used t o  accomplish t h e  con t ro l  
v a r i a b l e  s e l e c t i o n  are u s u a l l y  grouped i n t o  a body of knowledge 
known as opt imiza t ion  theory  o r  ca lcu lus-of -var ia t ion  theory.  
Since t h i s  theory  i s  r a t h e r  complicated, a d e t a i l e d  explana t ion  
w i l l  no t  be attempted a t  t h i s  poin t .  In s t ead ,  some gene ra l  
ideas about the mathematical and numerical  a n a l y s i s  involved i n  
op t imiza t ion  problems w i l l  be discussed.  
To accompiish *the optimal 
When some type of op t imiza t ion  theory  i s  app l i ed  t o  the  
d i f f e r e n t i a l  equat ions  s imula t ing  t h e  motion of a rocket  
powered vehic le ,  a s p l i t  boundary value problem i s  produced. 
T h i s  means t h a t  a l l  of t h e  i n i t i a l  condi t ions  f o r  t he  d i f f e r -  
e n t i a l  equat ions  involved are n o t  known a t  the i n i t i a l  time. 
These unknown i n i t i a l  condi t ions must be determined s o  tha t  
they cause t h e  d i f f e r e n t i a l  equat ions t o  s a t i s fy  some condi- 
t i o n s  s p e c i f i e d  a t  t h e  f i n a l  t i m e  o r  d e s t i n a t i o n .  I n  o rde r  
t o  do t h i s ,  t he  d i f f e r e n t i a l  equat ions must be i n t e g r a t e d  t o  
y i e l d  r e l a t i o n s  which connect t he  i n i t i a l  s ta te  w i t h  t he  f i n a l  
s tate.  Then, the d e s i r e d  condi t ions  a t  the  d e s t i n a t i o n  a r e  
p laced  i n  these r e l a t i o n s ,  and the r e s u l t i n g  equat ions  s o l v e d  
t o  y i e ld  values  for t h e  m i s s i n g  i n i t i a l  condi t ions .  These 
i n i t i a l  condi t ions  and t h e  r e l a t i o n s  connecting t h e  i n i t i a l  
cond i t ions  with the f i n a l  condi t ions  y e i l d  t h e  c o n t r o l  v a r i a b l e s '  
t i m e  h i s t o r i e s  t ha t  optimize the  s p e c i f i e d  a spec t  of t h e  v e h i c l e ' s  
performance. For  a rocket-powered veh ic l e ,  the s i n g l e  con t ro l  
v a r i a b l e  i s  u s u a l l y  the  th rus t  d i r e c t i o n ,  and a t i m e  h i s t o r y  of  
t h i s  t h r u s t  d i r e c t i o n  i s  determined (as descr ibed  p rev ious ly )  t o  
inaximize the  payload de l ive red  t o  a p a r t i c u l a r  d e s t i n a t i o n .  
CONCLUSION 
R e a l i s t i c  mathematical s imula t ions  of space f l i g h t  are  of 
n e c e s s i t y  ra ther  complex, and for t h i s  reason, op t imiza t ion  
t h e o r y  w i l l  no t  o f t e n  y i e l d  a rap id  s o l u t i o n  which can be used 
as a guidance s i g n a l .  The present  s t a t e - o f - t h e - a r t  i n  guidance 
u s u a l l y  relaxes the r e a l i t y  of t h e  mathematical s i m u l a t i o n  or 
degrades t h e  o p t i m a l i t y  of t h e  s o l u t i o n  i n  o r d e r  t o  be able t o  
s o l v e  t h e  sp l i t -boundary  v a l u e  problem r a p i d l y  enough and u s e  
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the s o l u t i o n  as adguidance s i g n a l .  With the advent of b e t t e r  
guidance computers and improvements i n  methods o f  s o l u t i o n  of 
opt imiza t ion  problems, some o f  the s i m p l i f i c a t i o n s  now used 
w i l l  no t  always be necessary.  I n  f a c t ,  IBM under con t r ac t  t o  
MSFC has a l r eady  demonstrated t ha t  a r e a l i s t i c  mathematical 
s imula t ion  of  tne boos te r  cutoff  t o  o r b i t  problem can be solved 
completely and r a p i d l y  enough t o  be used as a guidance s i g n a l .  
T h i s  genera l  approach can obviously be extended t o  more compli- 
cated problems more e f f e c t i v e l y  than  a guidance procedure which 
makes s impl i fy ing  assumptions t h a t  are not  compatible with the 
more complicated problem. I n  order  t o  extend t h i s  gene ra l  
s o l u t i o n  approach t o  optimal guidance, a vigorous r e sea rch  
e f f o r t  i s  being conducted both in-house and with the a id  
of con t r ac t s .  This  r e sea rch  involves  bo th  the mathematical 
and numerical a spec t s  of t he  fol lowing subject 's which are 
needed i n  t h e  s o l u t i o n  of op t imiza t ion  problems: 
1. Necessary and s u f f i c i e n t  condi t ion  formulat ion 
f o r  op t imiza t ion  problems. 
2. Numerical i n t e g r a t i o n  and ser ies  expansion s o l u t i o n  
of  d i f f e r e n t i a l  equat ions .  
3. The maximization and minimization of func t ions .  
4. The s o l u t i o n  o f  systems of simultaneous non l inea r  
A s  was mentioned, the  i n t e l l i g e n t  a p p l i c a t i o n  of t h i s  type  
of research  has already i n d i c a t e d  t h a t  the fear of gene ra l  
numerical s o l u t i o n s  of  op t imiza t ion  problems as a guidance 
procedure i s  u n j u s t i f i e d .  A s  a r e s u l t ,  f u r t h e r  e f f o r t  i s  
now being expended s o  that  o r b i t a l  t r a n s f e r ,  rendezvous, 
and p l ane ta ry  landings can be attempted wi th  o p t i m a l  O r  n e a r  
optSmal  guidance r a t n e r  than with some l e s s  e f f e c t i v e  
technique 
equat ions.  
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QUASI-OPTIMAL TRAJECTORY ANALYSIS WITH 
MULTI-MISSION CAPABILITY AND GUIDANCE APPLICATION 
Roger R. Burrows 
INTRODUCTION 
The basic idea for the method of trajectory analysis 
to be discussed originated at Lockheed and has been 
developed jointly by Lockheed and Marshall. The computer 
program resulting from this analysis has been nicknamed 
QUOTA - short for Quasi-Optimal Trajectory Analysis. We 
will use this acronym to refer to the technique as well. 
Briefly, we will indicate how QUOTA achieves its multi- 
mission capability. The control law used by the current 
vehicle guidance system, the IGM, will be compared with 
that used by QUOTA and the theoretical conditions for which 
they are optimal control laws will be discussed. The 
guidance application of QUOTA and some future missions for 
which QUOTA would be an apt tool will be presented. 
DEVELOPMENT 
In most of our work at Marshall, the ideal trajectory 
f o r  a space vehicle to follow is the one that satisfies all 
the mission constraints while simultaneously maximizing the 
useful scientific payload at mission fulfillment. This 
trajectory which utilizes propellant most efficiently under 
the imposed constraints is called the optimal trajectpry. 
Unfortunately, the mathematical tools which classical mathe- 
matics has developed to find such optimals are complex in 
nature and usually involve numerical solutions in which 
numerical integration plays a large role. One of  the dis- 
tinct advantages of both the IGM and QUOTA is that while 
each defines near optimal trajectories, neither one has to 
perform numerical integration since each scheme uses a 
control law allowing closed fo rm solutions of the differential 
equations of motion. However,each scheme must solve a system 
of nonlinear equations. The system the IGM solves in 
essentially explicit form derives from the mission terminal 
conditions. QUOTA solves a larger system of' equations which 
includes the mission terminal conditions as well as equations 
representing necessary optimality conditions. QUOTA solves 
these equations numerically using an iterative technique. 
The numerical iteration accounts f o r  QUOTA'S mission flexibility, 
and the inclusion of necessary conditions for an optimum 
trajectory helps insure QUOTA'S optimality in performing these 
missions. 
a + b t  
p = m  The c o n t r o l  law used by QUOTA i s  t a n  x 
and the c o n t r o l  law used by the I G M  i s  x = a '  + b ' t  where 
a, b, c ,  d ,  a ' ,  b '  are cons t an t s ,  t i s  
t r a j e c t o r y  and x i s  the  angle  between the  l o c a l  h o r i z o n t a l  
and the  t h r u s t  vgc tor .  The fol lowing assumption i s  common 
t o  f ind ing  the  two dimensional condi t ions  f o r  which these 
c o n t r o l  laws are opt imal :  A cons tan t  t h r u s t ,  po in t  mass 
veh ic l e  i s  moving i n  a vacuum through a uniform g r a v i t a t i o n a l  
f i e l d ,  i . e . ,  g r a v i t y  is independent of the p o s i t i o n  coord ina tes .  
It follows from t h i s  assumption a lone  that  t he  opt imal  c o n t r o l  
law f o r  a minimum f u e l  t r a j e c t o r y  is 
P t i m e  a long  the 
a + b t  
p c + d t  t a n  x = 
independent of the mission te rmina l  cond i t ions .  I f  i t  is  
f u r t h e r  assumed t h a t  (1) the f i n a l  a l t i t u d e  i s  s p e c i f i e d  and 
( 2 )  t h e  f i n a l  v e l o c i t y  components are spec i f i ed ,  then  the 
c o n t r o l  law f o r  a minimum f u e l  t r a j e c t o r y  is t a n  x 
The I G M  approximates t h i s  by us ing  x = a '  + b ' t .  P 
I d e a l l y  then, we observe tha t  the fopm of QUOTA'S c o n t r o l  law 
does not depend on the te rmina l  mission cond i t ions  and tha t  
p r a c t i c a l l y  t h i s  form c o n t r i b u t e s  t o  QUOTA'S op t ima l i ty .  
QUOTA a l s o  uses a t runca ted  s e r i e s  f o r  i t s  g r a v i t y  repre- 
s e n t a t i o n  while the I G M  uses  a weighted averaging process .  
= a" + bl ' t .  
UTILIZATION 
For tuna te ly ,  t he  numerical  a lgor i thm developed f o r  QUOTA 
i s  r a p i d  enough t o  a l low the  p o s s i b i l i t y  of  real  time on-board 
guidance. E n t i r e  t r a j e c t o r y  problems have been so lved  i n  l e s s  
than  3 i t e r a t i o n s  and less  than  .2 s e c .  of  IBM 7094 computer 
t i m e .  These f i g u r e s  are the  r e s u l t s  of s e v e r a l  veh ic l e  perform- 
ance s t u d i e s  and a s tudy  of QUOTA'S c a p a b i l i t i e s  i n  t he  
presence of veh ic l e  p e r t u r b a t i o n s .  A 4.5 second real  t i m e  
guidance cyc le  seems e a s i l y  a t t a i n a b l e  us ing  the p resen t  
Sa tu rn  V on-board guidance computer, and with more opt imal  
computer programming and a n a l y s i s ,  t h i s  time should be capable  
of  reduct ion  by a f a c t o r  of one-half  o r  more. 
EXTENSIONS 
The missions s o  f a r  considered a t  Marshall involve  a n  
i n c r e a s e  i n  v e h i c l e  v e l o c i t y .  There are miss ions ,  f o r  
example, o r b i t a l  t r a n s f e r  from an  i n n e r  c i r c u l a r  o r b i t  t o  
an o u t e r  coplanar  c i r c u l a r  o r b i t ,  which involve  a v e l o c i t y  
reduct ion .  A continuous t h r u s t  dur ing  t r a n s f e r  i s  no t  the 
most f u e l  conserva t ive ,  bu t  i t  does minimize t r a n s f e r  t i m e  
and would probably be the  mode of o p e r a t i o n  f o r  emergency 
rescue  use.  I n i t i a l l y ,  the veh ic l e  t h r u s t  has a component 
i n  t h e  d i r e c t i o n  of the v e l o c i t y  v e c t o r  p l a c i n g  the  v e h i c l e  
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on a h igher  energy e l l i p s e .  
e n t i r e  maneuver, t he  vehic le  t u r n s  around causing the  t h r u s t  
vec to r  t o  have a component opposing the  v e l o c i t y  vec to r ,  and 
the  veh ic l e  i s  slowed u n t i l  Its v e l o c i t y  is t h a t  proper  t o  
t h e  d e s i r e d  te rmina l  o r b i t .  A t  t h i s  time, no one has 
demonstrated t ha t  I G M  can f l y  t h i s  mission, while QUOTA has 
been able t o  handle t h e  cases t r ied .  
About half-way through t h e  
Another use t o  which QUOTA has been app l i ed  I s  an a b o r t  
i n  f l i g h t .  
i n  t h r u s t  a t  some time along the  t r a j e c t o r y  of an S-IV s t a g e  
being i n s e r t e d  i n t o  a 200 n a u t i c a l  mile  c i r c u l a r  o r b i t  a t  a 
s p e c i f i e d  i n c l i n a t i o n ,  To salvage the mission, t he  boundary 
condi t ions  were changed i n  f l i g h t  t o  achieve a 100 x 200-~l .m.  
e l l i p s e  a t  t h e  s p e c i f i e d  i n c l i n a t i o n .  Again, QUOTA experienced 
no d i f f i c u l t i e s  whatever f o r  the  cases  examined. 
I n  t h i s  case,  t h e  sirnulapion was a 5-10s decrease 
Another ex tens ion  we a r e  c u r r e n t l y  making is  a minimum 
f u e l  o r b i t a l  t r a n s f e r .  This  i s  a burn-coast-burn problem that  
s o  f a r  we have not  handled opt imal ly  due t o  inadequate c r i t e r i a  
f o r  beginning and ending the  coas t .  This  problem appears 
s o l v a b l e  i n  the  nea r  f u t u r e  enabl ing a f u l l  rendezvous problem 
t o  be considered then.  
CONCLUSIONS 
I n  conclusion, a numerical procedure f o r  genera t ing  
quasi-opt imal  t r a j e c t o r i e s  has been developed which inco rpora t e s  
t he  a b i l i t y  t o  perform a wide v a r i e t y  of m i s s i o n s .  The devel -  
opment of a r a p i d  numerical i s o l a t i o n  t o o l  appears t o  make 
t h i s  procedure capable of being used as an on-board guidance 
system. I n  a t  l e a s t  one c l a s s  of missions,  namely, continuous 
t h r u s t  o r b i t a l  t r a n s f e r ,  i t  f u l f i l l s  a need tha t  s o  f a r  t h e  
c u r r e n t  I G M  has no t  been demonstrated t o  meet. 
ANALYTICAL SOLUTION OF OPTIMAL GUIDANCE PROBLEMS 
Rowland E. Burns 
INTRODUCTION 
One of the e a r l y  problems of f l i g h t  mechanics was the 
de termina t ion  of a s t e e r i n g  program by which a rocket  veh ic l e  
could achieve some s p e c i f i e d  mission. 
schemes, admi t ted ly  u t i l i t a r i a n ,  have s i n c e  been supplanted 
by more s o p h i s t i c a t e d  optimal t r a j e c t o r y  schemes which maxi- 
mize some q u a n t i t y  (such as payload) i n  a d d i t i o n  t o  achiev ing  
o t h e r  mission o b j e c t i v e s .  
The e a r l y  guidance 
The s t u d y  of t h e s e  optimal t r a j e c t o r i e s  has produced a 
number of s i g n i f i c a n t  r e s u l t s .  
conclusions of these s t u d i e s  i s  the s o l u t i o n  of a s e t  of 
d i f f e r e n t i a l  equat ions  which govern t h e  motion of a veh ic l e  
assumed t o  be f l y i n g  i n  vacuuo i n  a uniform g r a v i t a t i o n a l  
f i e l d  (the " f l a t  ea r th ' '  approximation).  
of  the few y e t  found - forms the  basis of t h e  guidance systems 
c u r r e n t l y  used i n  l a r g e  upper stage boos te r s .  
One of t h e  more fa r - reaching  
This  s o l u t i o n  - one 
DISCUSSION 
I n  t h i s  connection, i t  may be wel l  t o  de f ine  what i s  
meant by a s o l u t i o n .  From Newton's laws i t  i s  p o s s i b l e  t o  
write equat ions  which r e l a t e  t h e  r a d i u s  v e c t o r  (desc r ib ing  
the p o s i t i o n  of  t h e  vehic le  i n  space )  t o  the v e l o c i t y  and 
a c c e l e r a t i o n  of t h e  rocket .  The informat ion  necessary for 
guidance commands i s  not  the  a c c e l e r a t i o n  along t h e  t r a j e c -  
t o r y  but  rather t h e  angular  d e f l e c t i o n  of the t h r u s t  v e c t o r  
as a f u n c t i o n  of t i m e .  This information would then  p r e d i c t  
t he  v e l o c i t y  and p o s i t i o n  of  the rocke t  as a func t ion  of t ime. 
By an  a n a l y t i c  s o l u t i o n ,  we shal l  mean an  express ion  which 
r e l a t e s  the  v e l o c i t y  o r  p o s i t i o n  wi th  t h e  time, s t e e r i n g  angle ,  
and i n i t i a l  condi t ions  by means of elementary func t ions .  
that  a l g e b r a i c  equat ions  aye more r e a d i l y  handled by computers 
t han  a r e  d i f f e r e n t i a l  equat ions.  Thus, a given guidance scheme 
can be implemented by a much l e s s  s o p h i s t i c a t e d  computer on- 
board a veh ic l e  i f  such a s o l u t i o n  i s  known. 
The reason that  such a n a l y t i c  s o l u t i o n s  a r e  d e s i r a b l e  i s  
The s o l u t i o n  of the system of d $ f f e r e n t i a l  equat ions  which 
forms the  basis of p re sen t  day guidance schemes has l i m i t e d  
a p p l i c a b i l i t y  due t o  the assumptions of a drag free environment 
and a uniform g r a v i t a t i o n a l  f i e l d .  The f i r s t  of t h e s e  assump- 
t i o n s  is less  r e s t r i c t i v e  than  t h e  second s i n c e  the guidance 
scheme is u s u a l l y  app l i ed  t o  the upper s t a g e s  of t he  veh ic l e .  
The assumption of a f l a t  earth is, however, much less r e a l i s t i c .  
C e r t a i n  missions which are flown with such a guidance law cannot 
be expected t o  even approximate a minimum f u e l  t r a j e c t o r y .  
Current work on t h i s  problem is an  at tempt  t o  r e l a x  the 
approximation of a f l a t  e a r t h  and so lve  t h e  problem with a 
b e t t e r  model tha t  assumes a s p h e r i c a l  e a r t h .  
For the sake of  g e n e r a l i t y ,  the t h r u s t  is assumed t o  be 
cont inuously v a r i a b l e  between upper and lower l i m i t s .  
l i m i t s  a r e  s p e c i f i e d  as i n i t i a l  i npu t  t o  t h e  problem.)  The 
mathematics then  shows that some p o r t i o n s  of t h e  t r a j e c t o r y  
may be flown with maximum t h r u s t ,  some p o r t i o n s  with minimum 
t h r u s t  (which could be coas t ing  a r c s ) ,  and some por t ions  with 
in te rmedia te  t h r u s t .  
(These 
The case of i n t e rmed ia t e - th rus t  a r c s  i n t u i t i v e l y  appears 
t o  be more d i f f i c u l t  t o  handle than  a r c s  which possess  a 
cons tan t  t h r u s t  l e v e l .  While t h i s  is t r u e  f rom t h e  viewpoint 
of hardware implementation, i t  is no t  t r u e  mathematically.  
For the in t e rmed ia t e - th rus t  case,  a complete s o l u t i o n  has been 
obta ined  and publ ished i n  NASA TN D-4119.* 
The second case t o  be considered is t h e  equat ions  of 
rocke t  motion i n  the  case of cons tan t  t h r u s t .  T h i s  d i f f i c u l t  
problem has not  been solved,  but  some progress  has been made. 
S p e c i f i c a l l y ,  a system of three a l g e b r a i c  equat ions  is known 
which, i n  theory,  reduce t h e  problem of spec i fy ing  the guidance 
system f r o m  a set  of s ix  d i f f e r e n t i a l  equa t ions  t o  a set  of 
t h r e e  d i f f e r e n t i a l  equa t ions ,  I n  p r a c t i c e ,  t h e  form of t h e  
*The ques t ion  of the payload p e n a l t y  incu r red  by us ing  
non- th ro t t l eab le  engines  n a t u r a l l y  p r e s e n t s  i t s e l f .  T h i s  
questLon is not  handled i n  t h e  above r e f e r e n c e  which I s  a 
t h e o r e t i c a l  d i scuss ion .  The answer i s  a p p a r e n t l y  not  a v a i l a b l e  
i n  t h e  l i t e r a t u r e  f o r  launch from e a r t h  t o  o r b i t .  One i n d i c a t i v e  
comment comes f rom a s tudy  of the maximum a l t i t u d e  problem. It 
has been found t h a t  the i n c l u s i o n  of a r c s  of i n t e r m e d i a t e - t h r u s t  
i n c r e a s e s  the f i n a l  a l t i t u d e  by approximately 17%. The use of a 
"two-stage" t h r u s t  which approximates t h e  in t e rmed ia t e  t h r u s t  
a r c  achieves an a l t i t u d e  wi th in  1% of t h i s  va lue .  
a l g e b r a i c  equat ions  is s o  i n t r a c t a b l e  th .a t  f u l l  p o t e n t i a l  can- 
no t  y e t  be r e a l i z e d .  Present  work i s  concerned with a t r a n s -  
formation of t h e  v a r i a b l e s  appearing i n  these a l g e b r a i c  
equat ions  t o  new variables i n  such a way tha t  t h e  reduct ion  
from s i x  d i f f e r e n t i a l  equat ions t o  t h r e e  d i f f e r e n t i a l  equat ions  
w i l l  be poss ib l e .  
Once such a t ransformat ion  i s  obtained,  f u t u r e  work w i l l  
c e n t e r  upon the d e r i v a t i o n  of t h r e e  new independent a l g e b r a i c  
i n t e g r a l s .  If t h i s  is success fu l ,  a c losed  form express ion  
f o r  the opt imal  guidance law over an a i r less  p l a n e t  w i l l  be 
a v a i l a b l e .  
A s p e c i a l  case of rocke t  motion under a cons tan t  t h r u s t  
i s  t h e  case of no t h r u s t ,  i . e . ,  a coas t ing  a r c ,  which was 
mentioned above, T h i s  s p e c i a l  case i s  of i n t e r e s t  from t h e  
mathematical viewpoint f o r  reasons of c o n t i n u i t y ;  bu t ,  
p h y s i c a l l y ,  i t  is equ iva len t  t o  ask ing  t h e  d i r e c t i o n  of  
t h r u s t  when the rocket  engines are no t  ope ra t ive .  This  case 
was completely solved and published, o r i g i n a l l y ,  as 
A e r o b a l l i s t i c s  I n t e r n a l  Note 20-63. 
t h e  t r a j e c t o r y  of t he  vehic le  i s  a Kepler ian o r b i t .  
A s  would be expected, 
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REDUCTION OF CONTROL SYSTEM D E S I G N  E F F O R T  
Jerome R,  Redus 
INTRODUCTION 
The des ign  of  a launch vehic le  f l i g h t  c o n t r o l  system i s  
c u r r e n t l y  a time-consuming process tha t  f r e q u e n t l y  r e q u i r e s  
major  redes ign  e f f o r t  when changes are made i n  t h e  veh ic l e  
c h a r a c t e r i s t i c s  o r  mission p r o f i l e .  For example, as 
D r .  von Braun has noted, i t  takes t e n  and one-half months 
t o  e f f e c t  a change i n  the uprated Sa tu rn  I c o n t r o l  system. 
I n  a d d i t i o n  t o  the long time and l a r g e  e f f o r t  involved, 
c u r r e n t  des ign  p r a c t i c e s  involve a l a r g e  amount of i t e r a t i o n  
by t r i a l - a n d - e r r o r  r e q u i r i n g  much r o u t i n e  e f f o r t  by t h e  
des ign  engineer ,  and the system evolved depends q u i t e  h e a v i l y  
on the d e s i g n e r ' s  experience.  The more d i f f i c u l t  i t  i s  t o  
meet the design s p e c i f i c a t i o n s ,  t h e  more time w i l l  be r equ i r ed  
f o r  t r i a l - a n d - e r r o r  and t h e  less l i k e l y  i t  w i l l  be that  a 
des igne r  without r e l a t e d  experience w i l l  achieve an e n t i r e l y  
s a t i s f a c t o r y  des ign  i n  a l i m i t e d  amount of t ime. 
The r educ t ion  of c o n t r o l  system design e f f o r t  appears t o  
be even more important i n  the f u t u r e  than  it has been i n  t h e  
past, due t o  t h e  number of d i f f e r e n t  payloads being proposed 
f o r  e x i s t i n g  launch v e h i c l e s  and t h e  r e l a t i v e l y  l i m i t e d  number 
of f l i g h t s  planned % o r  each payload. Not only w i l l  the number 
of f l i g h t  c o n t r o l  systems designed be inc reas ing ,  bu t  t h e  c o s t  
of des ign  w i l l  have t o  be d iv ided  among a smaller number of 
f l i g h t s .  I n  add i t ion ,  t h e  f a c t  that  the launch veh ic l e  was 
not  designed f o r  the dynamic loads  c rea t ed  by these  a l t e r n a t e  
payloads w i l l  f r e q u e n t l y  inc rease  the e f f o r t  r equ i r ed  i n  
s u c c e s s f u l  design.  
Aero-Astrodynamics Laboratory i s  a t tempt ing  to develop 
f l i g h t  c o n t r o l  system des ign  techniques which w i l l  permit 
more r a p i d  design of e f f e c t i v e ,  r e l i a b l e  systems. The goa l  
of the s t u d i e s  i s  the development of a semi-automatic, computer- 
o r i e n t e d  des ign  procedure which would achieve as good perform- 
ance as i s  p o s s i b l e  wi th in  s p e c i f i e d  r e s t r i c t i o n s  on the  
c h a r a c t e r i s t i c s  of t h e  system. 
D E S I G N  CONSIDERATIONS 
Before summarizing t h e  cu r ren t  s t a t u s  of t h e  i n v e s t i g a t i o n s ,  
i t  would be u s e f u l  t o  po in t  out  the t h r e e  major problems i n  
launch  v e h i c l e  c o n t r o l  system des ign .  
35 
These three a s p e c t s  of c o n t r o l  system design are 
A.  achiev ing  s a t i s f a c t o r y  dynamic performance 
B. s i g n a l  processing o r  f i l t e r i n g  
C. accommodations of u n c e r t a i n t i e s  i n  veh ic l e  
c h a r a c t e r i s t i c s .  
F i r s t  of a l l ,  of course,  the  f l i g h t  c o n t r o l  system must 
c o n t r o l  the d i r e c t i o n  of t h r u s t  i n  the presence o f  the expected 
winds a l o f t  i n  a manner which w i l l  meet the cu tof f  condi t ions  
on t r a j e c t o r y  dev ia t ions ,  no t  exceed the veh ic l e  s t r u c t u r a l  
load l i m i t s ,  achieve cu to f f  condi t ions  on angle-of -a t tack  and 
a t t i t u d e  r a t e  such tha t  stage s e p a r a t i o n  can be e f f e c t e d ,  and 
meet o the r  r e s t r i c t i o n s  on performance. The engineer  a t tempts  
t o  accomplish t h i s  by proper  choice of veh ic l e  s enso r s  and 
senso r  l o c a t i o n s  and proper  choice of the ga ins  on the senso r  
s i g n a l s  which a r e  f e d  back t o  the gimbal command s i g n a l .  
Once the senso r s  and ga ins  are chosen, t he  senso r s  must 
be f i l t e r e d  t o  i n s u r e  that  a d d i t i o n a l  motion sensed by the 
measuring devices ,  such as f u e l  s l o s h  motion and s t r u c t u r a l  
v i b r a t i o n s ,  are no t  fed back i n  such a way as t o  pump energy 
i n t o  these  a d d i t i o n a l  degrees of freedom and d e s t a b i l i z e  them. 
That is ,  the engineer  must choose f i l t e r s  i n  t h e  c o n t r o l  system 
which in su re  that  the  t o t a l  motion of t he  v e h i c l e  i s  stable 
and that the dynamic performance remains s a t i s f a c t o r y .  
Last, t h e  engineer  must i n s u r e  that  s a t i s f a c t o r y  performance 
and s t a b i l i t y  a r e  s t i l l  achieved f o r  the expected range of uncer- 
t a i n  veh ic l e  c h a r a c t e r i s t i c s ,  such as v a r i a t i o n s  i n  the aerody- 
namics from t h e  nominal aerodynamics f o r  which the system was 
designed . 
D E S I G N  FOR SATISFACTORY DYNAMIC PERFORMANCE 
The aspec t  of c o n t r o l  system des ign  i n  which t h e  g r e a t e s t  
development t o  date has occurred i s  that  of des igning  a system 
t o  have s a t i s f a c t o r y  dynamic response; t h i s  i s  due not  only t o  
advancements i n  c o n t r o l  theory  but  a l s o  t o  the r e c e n t  development 
of accu ra t e  wind s t a t i s t i c s .  
The development of an a c c u r a t e  se t  of s t a t i s t i c s  d e s c r i b i n g  
t h e  winds a l o f t  i n  t h e  v i c i n i t y  of Cape Kennedy has f i rs t  of a l l  
permi t ted  the c a l c u l a t i o n  of the p r o b a b i l i t y  of f a i l u r e  of the 
missile wi th  t h e  candidate  c o n t r o l  system t o  meet t h e  performance 
requirements.  I n  the past, t h e  c o n t r o l  system has been r e q u i r e d  
t o  achieve adequate performance i n  the presence of a s y n t h e t i c  
design wind p r o f i l e  (say,  t h e  "95% wors t "  p r o f i l e ) ,  but  t h e r e  
has been no f u r t h e r  measure of comparison between competing 
systems, a l l  o f  which meet t h i s  performance s p e c i f i c a t i o n .  
A s t a t i s t i c a l  comparison is now poss ib l e ,  and one can determine 
which of t he  competing systems i s  b e s t  i n  terms of i t s  dynamic 
performance. 
Indeed, us ing  c e r t a i n  gene ra l ly  employed s impl i fy ing  
assumptions about t he  dynamic behavior of the  launch veh ic l e ,  
there has been developed a technique t o  determine the  opt imal  
l i n e a r  c o n t r o l  f o r  t he  s t a t i s t i c a l l y  descr ibed  winds a l o f t .  
This  c o n t r o l  system has a lower p r o b a b i l i t y  of f a i lu re  t o  meet 
dynamic s p e c i f i c a t i o n s  than any o t h e r  l i n e a r  f l i g h t  c o n t r o l  
system f o r  a given launch vehic le .  Unfortunately,  t h i s  system 
is extremely complex and would be exceedingly d i f f i c u l t  t o  
implement. The c a l c u l a t i o n  of the o p t i m a l  c o n t r o l  would be 
u s e f u l ,  however, no t  only t o  determine the b e s t  p o s s i b l e  per-  
formance against which t o  compare the performance of a r e a l -  
i z a b l e  l i n e a r  system but  a l s o  t o  determine what the gene ra l  
c h a r a c t e r i s t i c s  of t he  o p t i m a l  c o n t r o l  are (e .g . ,  what i t  
measures and feeds  back) i n  order  t o  g ive  t h e  des igner  a sound 
basis on which t o  begin his i t e r a t i v e  e f f o r t .  I n  essence,  
the engineer  can augment h i s  experience by observing what o p t i -  
miza t ion  theo ry  says  i s  t h e  bes t  l i n e a r  f l i g h t  c o n t r o l  system 
and can spend h i s  e f f o r t s  determining how t o  ob ta in  a r e a l i z a b l e  
system tha t  approximates the behavior of the  optimum system. 
I n  t h e  design of a r e a l i z a b l e  system approximating the  
behavior  of t h e  optimal system, techniques have been developed 
r e c e n t l y  which permit the  r a p i d  assessment of t h e  s t a t i s t i c a l  
performance of t he  veh ic l e .  This rap id  s t a t i s t i c a l  a n a l y s i s  
when employed wi th  parameter op t imiza t ion  techniques al lows 
i t e r a t i v e  e f f o r t s  t o  be on a sounder basis than merely t r i a l -  
and-er ror .  We a r e  now developing design techniques based on 
t h i s  approach and expect t o  see a s u b s t a n t i a l  improvement i n  
t h e  speed wi th  which t h i s  phase of the  des ign  can be completed; 
a simultaneous improvement i n  performance i s  expected t o  be a 
side7 b e n e f i t  o f  t h i s  approach. 
PILTl3R DESIGN 
I n  the des ign  of  s t a b i l i z i n g  f i l t e r s ,  new techniques have 
been developed which a r e  promising, but  i t  must  be admit ted 
that  w e  do no t  y e t  know how t o  use these techniques e n t i r e l y  
e f f e c t i v e l y .  The conventional approach used i n  the past has 
been f o r  t he  engineer  t o  a r b i t r a r i l y  s p e c i f y  the  f i l t e r  charac- 
t e r i s t i c s  based on h i s  experience.  He then mathematically 
ana lyzes  the performance of  t he  r e s u l t i n g  sys t em t o  determine 
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i f  i t  i s  stable and otherwise s a t i s f a c t o r y .  I f  no t ,  he 
a d j u s t s  the f i l t e r  c h a r a c t e r i s t i c s  and examines the r e s u l t i n g  
system, makes f u r t h e r  adjustments ,  and cont inues r epea t ing  
the  process u n t i l  s a t i s f a c t o r y  response i s  obtained.  
The f i l t e r  design technique r e c e n t l y  developed r eve r ses  
the process .  The engineer  s p e c i f i e s  t h e  performance ( i n  
terms of the eigenvalues  of t he  system) and p a r t i a l l y  spec i -  
f i e s  the f i l t e r ;  t h e  computer completes the  design of a 
f i l t e r  which w i l l  a t t a i n  the  d e s i r e d  performance. There are 
c u r r e n t l y  problems with t h e  technicpe because the f i l t e r  
designed is  not  always " r e a l i z a b l e  ( i . e . ,  ab l e  t o  be imple- 
mented by pass ive  e l e c t r o n i c  components, as would be d e s i r a b l e ) ,  
bu t  i t  i s  f e l t  t h a t  f u r t h e r  experience i n  using t h e  technique 
and p a r t i c u l a r l y  a b e t t e r  understanding of how t o  s p e c i f y  the 
eigenvalues  s o  as t o  ob ta in  bo th  s a t i s f a c t o r y  performance and 
r e a l i z a b l e  f i l t e r s  w i l l  make t h e  technique very u s e f u l  t o  the 
des ign  engineer .  
PARAMETER SENSITIVITY 
Any system, no ma t t e r  how designed, w i l l  have t o  be examined 
t o  i n s u r e  that i t s  performance i s  adequate f o r  t h e  expected 
range of off-nominal cond i t ions  o r  parameter u n c e r t a i n t i e s .  If 
one could consciously des ign  t h e  system t o  be i n s e n s i t i v e  t o  
parameter v a r i a t i o n s ,  one would have more assurance of adequate 
performance over t he  expected range of parameters.  The des ign  
process  would not  proceed on the  convent ional  assumption of a 
nominal s e t  of parameters,  bu t  rather on t h e  assumption that  
each of the  parameters of motion can t ake  on a range of v a l u e s .  
I n v e s t i g a t i o n s  have shown tha t  c o n t r o l  systems can be designed 
w i t h  t h i s  assumption. However, t he  systems evolved t o  date 
have been more complex than those  designed f o r  a nominal s e t  
of parameters and a l s o  have degraded performance f o r  the nominal 
s e t .  Design of systems consc ious ly  i n s e n s i t i v e  t o  parameter 
v a r i a t i o n  does n o t  appear t o  be c u r r e n t l y  necessary  i n  launch 
v e h i c l e  system des ign ,  The technique may be u s e f u l  f o r  some 
f u t u r e  l a r g e  vehicle/payload combinations f o r  which the range 
of p o s s i b l e  parameters could be very l a r g e  and t e s t i n g  t o  
b e t t e r  i d e n t i f y  the  parameters q u i t e  expensive.  T h i s  technique 
may a l s o  prove t o  be u s e f u l  i n  some s p a c e c r a f t  a p p l i c a t i o n s  
where the range of parameters may be too  l a r g e  t o  be handled 
by convent ional  means. 
SUMMARY 
c o n t r o l  system design f o r  launch v e h i c l e s  i s  necessary  because 
of  the  v a r i e t y  o f  missions t o  be accomplished i n  the f u t u r e . b y  
e x i s t i n g  v e h i c l e s ,  The most promising advances t o  d a t e  have 
been made i n  t h e  a r e a  o f  system des ign  t o  meet performance 
s p e c i f i c a t i o n s .  
Continued e f f o r t  t o  reduce t h e  e f f o r t  involved i n  f l i g h t  
LOAD RELIEF SYSTEMS FOR LAUNCH VEHICLES 
John M. L iv ings ton  
INTRODUCTION 
The Optimizat ion Theory Branch i s  conducting s e v e r a l  
s t u d i e s  of load  r e l i e f  con t ro l  systems. The o b j e c t i v e  of 
these s t u d i e s  i s  t o  develop c o n t r o l  systems which w i l l  
reduce the c o n t r i b u t i o n  of body dynamics t o  t h e  f o r c e s  
a c t i n g  on the  s t r u c t u r e  o f  the  launch veh ic l e .  To f u l l y  
understand t h e  problems involved i n  des igning  a load  r e l i e f  
c o n t r o l  system, one must review the func t ion  of a c o n t r o l  
system and the  basis of  i t s  des ign .  
D I S C U S S I O N  
The primary purpose of t h e  c o n t r o l  system dur ing  the  
f i rs t  s t a g e  f l i g h t  i s  t o  keep the  v e h i c l e  fol lowing a pre-  
determined pa th  angle  u n t i l  s t a g i n g  takes place.  If a 
d i s tu rbance  such as i n - f l i g h t  winds t u r n s  the  veh ic l e  from 
the  r e fe rence  angle ,  t h e  c o n t r o l  system w i l l  f o rce  t h e  
v e h i c l e  back t o  t h e  proper  o r i e n t a t i o n .  This a c t i o n  causes 
a dynamic s t r u c t u r a l  load  on t h e  veh ic l e  which can be exces- 
s i v e ;  t h e r e f o r e ,  i n  s e l e c t i n g  a c o n t r o l  system, c a r e f u l  ana ly-  
s i s  must be made t o  determine the  veh ic l e  dynamic responses 
t o  any such d i s tu rbance  f o r  each candida te  c o n t r o l  system t o  
i n s u r e  t ha t  n e i t h e r  t h e  s t r u c t u r a l  load  nor  t h e  d e v i a t i o n  
from re fe rence  exceeds app l i cab le  l i m i t s .  
There i s  a d e f i n i t e  i n t e r p l a y  between t h e  veh ic l e ,  t h e  
d i s tu rbance ,  and t h e  con t ro l  law. Changes i n  any one of 
these three w i l l  produce a new r e l a t i o n s h i p  among a l l  of 
them. For example, t he  a t t i t u d e  c o n t r o l  mode which c o n s i s t s  
of a measure of p a t h  e r r o r  and pa th  e r r o r  ra te  feedback, w i l l  
f o r c e  t h e  veh ic l e  t o  follow the  r e fe rence  p a t h  c l o s e l y ;  t hus ,  
i t  f u l f i l l s  t he  bas i c  requirements of the  launch veh ic l e  con- 
t r o l  system. However, when the  veh ic l e  encounters  t he  h igh  
wind speed l e v e l s  or" t h e  " j e t  s t ream,"  the a t t i t u d e  c o n t r o l  
mode w i l l  impose l a r g e  s t r u c t u r a l  loads on the  veh ic l e ,  even 
l a r g e r  than  o t h e r  modes of c o n t r o l .  If the  veh ic l e  i s  being 
designed f o r  t h i s  c o n t r o l  system, the s t r u c t u r e  must be made 
s t r o n g  enough t o  withstand these loads .  Therefore,  t he  
v e h i c l e  s t r u c t u r e  i s  d i r e c t l y  a f f e c t e d  by the r e l a t i o n s h i p  
of t h e  d i s tu rbance  and the  c o n t r o l  law. 
Thus, c o n t r o l  system des ign  is  an i t e r a t i v e  p rocess . ,  
The c o n t r o l  system des igner  can change t h e  mode of c o n t r o l  
o r  recommend change i n  the  v e h i c l e  t o  meet a given law. 
What of t h e  d is turbance?  I n  t h e  case of t he  i n - f l i g h t  winds, 
t h e y  a r e ,  l i k e  Mr. Kilrner's " t ree , ! '  out  of t he  d e s i g n e r ' s  
l eague .  
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What i f  the launch v e h i c l e  i s  a l r e a d y  b u i l t ,  and new 
mission payloads are d e s i r e d ?  Here t h e  s t r u c t u r e  of our  
launch veh ic l e  i s  s e t ;  and r ebu i ld ing ,  i f  poss ib l e ,  would 
be very expensive.  So, the  c o n t r o l  system des igne r  has an  
oppor tuni ty  t o  use h i s  experience and knowledge t o  des ign  
a load  r e l i e f  c o n t r o l  system tha t  w i l l  a l low the veh ic l e  
t o  meet t h e  mission requirements without s t r u c t u r a l  modi- 
f i c a t i o n s .  I n  approaching t h e  des ign  of a load  r e l i e f  
system, i t  i s  important  t o  recognize t ha t  t h e r e  i s  no 
"un ive r sa l "  load  r e l i e f  system that  works f o r  all cases .  
Each veh ic l e  and mission c a l l s  f o r  d i f f e r e n t  requirements 
for t h e  system. 
load ing  i n  the v e h i c l e .  The s t r u c t u r a l  loading,  i n  t u r n ,  
i s  a func t ion  of the  bending moment ( M . B . )  where 
These requirements are determined by the  s t r u c t u r a l  
n 
M . B .  = M k ~ l  + M i D  + ) 1 ** Me* rli T i  
i =1 
w i t h  a lpha ( a )  being t h e  angle-of -a t tack ,  beta  ( e )  being  
the  gimbal angle  of the  engines ,  and the  C t e ry  r ey resen t iTg  
the  f l e x i b l e  body e f f e c t s .  The c o e f f i c i e n t s  M a ,  M p  and Mq 
are p r imar i ly  func t ions  of t h e  v e h i c l e  c h a r a c t e r i s t i c s  a t  
t he  given f l i g h t  condi t ions  and s t a t i o n  a long  t h e  v e h i c l e .  
I f  the  f l e x i b l e  body e f f e c t s  are  s e t  as ide f o r  t he  
moment (an admi t ted ly  l a r g e  " i f 1 ' )  , an i n t e r e s t i n g  t rade-of f  
can be developed between t;e c o e f f i c i e n t s  and t h e  v e h i c l e  
responses .  The r a t i o  of  Ma t o  M i  v a r i e s  a long  a Sa tu rn  
c l a s s  veh ic l e  as shown i n  f i g u r e  1. The r a t i o  of a t o  B J  
however, varies w i t h  the c o n t r o l  mode ( t y p i c a l  examples are 
shown i n  f i g u r e  2 )  and i s  independent of t h e  v e h i c l e  s t a t i o n .  
Both condi t ions  are u s e f u l  i n  determining the  proper  method 
of reducing t h e  bending moment. For example, t h e  Sa tu rn  V- 
Voyager has a c r i t i c a l  lpadq s t a t i o n  which i s  l o c a t e d  forward 
on the  veh ic l e  w i t h  an MJMp r a t i o  of 5. 
law t h a t  reduces t h e  angle-of -a t tack  du r ing  the  c r i t i c a l  t i m e  
of f l i g h t  w i l l  provide t h e  g r e a t e s t  l oad  r e l i e f .  A system 
based on t h i s  premise has been under development by t h e  
Optimization Theory Branch and o f f e r s  a s o l u t i o n  t o  t h e  exces-  
s i v e  s t r u c t i l r a l  loading  on the  Sa tu rn  V/Voyager v e h i c l e s .  
the r a t i o  of M, t o  MA w i l l  be l e s s  t han  1 .0 ,  and i t  w i l l  be 
d e s i r a b l e  t o  reduce 6 t o  e f f e c t  t h e  g r e a t e s t  decrease  i n  
T h i s  means a c o n t r o l  
Conversely, if the  v e h i c l e  has t h e  c r i t i c a l  s t a t i o n  a f t ,  
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bending moment. Indeed, t h i s  is t h e  case f o r  t he  Sa turn  V- 
Apollo. 
load r e l i e f  c o n t r o l  system might be app l i ed  t o  the 
Sa turn  V/Apollo, bu t  the d i f f e rence  i n  the e f f e c t s  of a and 
p terms on t h e  bending moments made t h i s  a p p l i c a t i o n  imprac t i -  
c a l ,  The gene ra l  design technique d i d ,  however, i n d i c a t e  a 
promising system f o r  the Sa turn  V/Apollo, 
has a d i f f e r e n t  form because of  the  d i f f e r e n t  c r i t i c a l  s t a t i o n .  
It had been suggested that  t h e  Sa turn  V/Voyager 
The c o n t r o l  law 
It was noted e a r l i e r  that  the c o n t r o l  system des igner  
has no in f luence  over  the major  boos t e r  t r a j e c t o r y  d i s tu rbance ,  
i n - f l i g h t  wind. While the c o n t r o l  system des lgne r  cannot 
i n f luence  the wind d is turbance ,  he would be aided i n  h i s  
a n a l y s i s  if he had de ta i l ed  knowledge about i t s  na tu re .  
Reliable s t a t i s t i c s  on t h e  wind s t r u c t u r e  are.now becoming 
a v a i l a b l e  from Jimsphere measurements. A s  wind s t a t i s t i c s  
knowledge i s  acquired,  t he  con t ro l  problem w i l l  be so lvab le  
through s t o c h a s t i c  system a n a l y s i s .  It i s  cu r ren t  p r a c t i c e  
t o  use  gross ' '  wind s t a t i s t i c s  as a basis f o r  a l t e r i n g  the  
t i l t  program i n  cases  where wind-biasing the t r a j e c t o r y  w i l l  
provide a s o l u t i o n  i f  t he  launch dates are such tha t  t h e  wind 
has a predominant d i r e c t i o n .  
11  
CONCLUSION 
I n  summary, the c o n t r o l  des igner  must use  h i s  knowledge of 
t he  veh ic l e ,  t h e  c o n t r o l  laws, and the  d is turbances  t o  design 
t h e  best  system. The con t ro l  d e s i g n e r ' s  experience - along wi th  
a l i t t l e  i n s p i r a t i o n  - i s  inva luable  i n  a t t a c k i n g  the  load 
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